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ABSTRACT
T h is  t h e s i s  i s  d iv id e d  in to  two d i s t i n c t  p a r t s .
P a r t  I ,  c o n s i s t i n g  o f c h a p te r s  1 to  d e a l s  w ith  th e  
d e te r m in a t io n  o f  th e  f a r  f i e l d  when an E - p o la r i s e d  e l e c t r o -  
m agn.etic p la n e  wave i s  in c id e n t  on an  im p e r f e c t ly  c o n d u c tliig  
r e c t a n g u l a r  c y l i n d e r .  . In  c h a p te r  1 th e  f i e l d  i s  d e te rm in e d  
when an  E - p o la r i s e d  p la n e  wave i s  i n c id e n t  on an im p e r f e c t ly  
c o n d u c tin g  r i g h t - a n g l e  w edge. I n  c h a p te r  2 , th e  r e s u l t s  o f  
c h a p te r  1 and K e l le r * s  m ethod o f  g e o m e tr ic a l  d i f f r a c t i o n  a re  
u se d  t o  d e te rm in e  th e  f a r  f i e l d  when an E - p o la r i s e d  p la n e  
wave i s  i n c i d e n t  on an im p e r f e c t ly  c o n d u c tin g  r e c t a n g u l a r  
c y l i n d e r .  C h a p te r  5 d e a l s  w ith  c e r t a i n  s i n g u l a r  d i r e c t i o n s  
f o r  w hich  th e  r e s u l t s  o f  c h a p te r  2 a re  no lo n g e r  v a l i d ,  '
P a r t  I I ,  c o n s i s t i n g  o f  c h a p te r s  4 to  7 ,  d e a l s  w ith  th e  
d e te r m in a t io n  o f  th e  e le c t r o m a g n e t ic  f i e l d  when an  e l e c t r o ­
m a g n e tic  wave i s  i n c i d e n t  on a d i e l e c t r i c  w edge, In  
c h a p te r  4  a  b a s i c  i n t e g r a l  e q u a t io n  and an i t e r a t i o n  scheme 
f o r  i t s  s o l u t i o n ,  s u b je c t  to  c e r t a i n  r e s t r i c t i o n s  on th e  
r e f r a c t i v e  in d e x  o f  th e  w edge, i s  d e r iv e d  f o r  in c id e n c e  by  
an E o r  E - p o la r i s e d  f i e l d  on an a r b i t r a r y  a n g le  d i e l e c t r i c  
w edge. C h a p te r  3  d e te rm in e s  th e  e le c t r o m a g n e t ic  f i e l d  when 
an E - p o la r i s e d  p la n e  wave i s  i n c id e n t  on a  r i g h t - a n g l e  
d i e l e c t r i c  wedge whose r e f r a c t i v e  in d e x  (= n )  i s  su ch  t h a t  
1 < In i < / '2 ,  In  c h a p te r  6 th e  e le c t r o m a g n e t ic  f a r  f i e l d  
i s  d e te rm in e d , when an  a r b i t r a r y  a n g le  d i e l e c t r i c  wedge whose 
r e f r a c t i v e  in d e x  i s  su c h  t h a t  n  c: 1 , i s  i l l u m in a te d  b y  an 
E -p o la r* ised  p la n e  w ave. The m ethod o f a p p ro a c h  i s  d i f f e r e n t  
to  t h a t  u se d  i n  c h a p te r s  4  and 3 , and u s e s  K o n to ro v ich -L eb e d ev
t r a n .s fo rm s , I n  c h a p te r  7 th e  field, n e a r  to th e  t i p  of
an a r b i t r a r y  a n g le  d i e l e c t r i c  wedge of a r b i t r a r y  r e f r a c t i v e  
in d e x , when i l lu m in a te d  by a  l i n e  so u rc e  o f  E o r  bi­
p o l a r i s a t i o n ,  i s  d e te rm in e d .
The a u th o r  w ish e s  t o  e x p re s s  h i s  th a n k s  
t o  P r o f e s s o r  V/,E. W illia m s  f o r  h i s  
encom ^agem ent and v a lu a b le  c r i t i c i s m  
d u r in g  th e  p r e p a r a t i o n  o f  t h i s  t h e s i s .  
He w ould a ls o  l i k e  to  e x p re s s  h i s  
g r a t i t u d e  to  th e  I n s t i t u t i o n  o f  
E l e c t r i c a l  E n g in e e rs  f o r  t h e i r  
f i n a n c i a l  s u p p o r t  d u r in g  th e  f i n a l  
y e a r  o f  r e s e a r c h .
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PAET I
ElEOTRGMAGMETIO DIEPEACl'IOH BY AW IMPEEPEOTO’
OONDUOTING EECTANGTJIiAS CYLIHDER
■ ■ , ■ . • , • 8. 
INTRODUCTION TO PART I
The problem  c o n s id e re d  i s  th e  c a l c u l a t i o n  o f  th e  
d i f f r a c t e d  f a r  field, p ro d u ced  b y  an  e le c tro m a g n e tic  p la n e  
wave d i f f r a c t e d  b y  an  im p e r f e c t ly  c o n d u c tin g  r e c ta n g u la r  
c y lin d e r^  The s id e s  o f th e  cylinder a re  l a r g e  com pared to  
th e  w av elen g th  o f th e  in c id e n t  e le c tro m a g n e tic  wave. The 
g e n e r a to r s  o f th e  c y l in d e r  a r e  i n f i n i t e ,  and from  th e  
symmetry o f  th e  s i t u a t i o n ,  and th e  p o l a r i s a t i o n  o f th e  
in c id e n t  p la n e  wave, we a re  d e a l in g  w ith  a two d im e n s io n a l • 
p ro b lem l * .
In  c h a p te r  one th e  c a n o n ic a l  boundary v a lu e  problem  o f  
th e  d i f f r a c t i o n  o f an e le c tro m a g n e tic  p la n e  wave incident 
on an im p e r f e c t ly  c o n d u c tin g  r i ^ t  a n g le  c o rn e r  i s  solved. 
From t h i s  s o lu t io n  th e  a n g u la r  v a r i a t i o n  o f th e  f a r  f i e l d  
f o r  a  s in g le  c o rn e r  can be determined.
In  th e  second  c h a p te r  th e  r e s u l t s  o f c h a p te r  one, i n  
c o n ju n c tio n  w ith  K e l l e r 's  g e o m e tr ic a l  th e o ry  o f  d i f f r a c t i o n  
and th e  th e o ry  o f m u l t ip le  d i f f r a c t i o n ,  a re  a p p l ie d  to th e  
p rob lem  o u t l in e d  i n  th e  f i r s t  p a ra g ra p h . These v a r io u s  
m ethods can  be u se d  to  d e te rm in e  th e  e f f e c t  o f  th e  f o u r  
c o r n e r s ,  w hich com prise  th e  c y l in d e r ,  on th e  d i f f r a c t e d  f a r  
f i e l d .
I n  c e r t a i n  a n g u la r  d i r e c t i o n s  th e  f a r  f i e l d  v a r i e s  
r a p i d l y  f o r  sm all a n g u la r  v a r i a t i o n  and K e l l e r 's  m ethod 
seems to  be  no lo n g e r  a p p l i c a b le .  In  th e  f i n a l  c h a p te r  an 
a l t e r n a t i v e  a p p ro a ch , u s in g  G re e n 's  th eo rem , i s  a d o p te d  to  
d e te rm in e  th e  f a r  f i e l d  i n  such  a n g u la r  d i r e c t i o n s .
CHAPTER 1
We p ro p o se  to  so lv e  th e  b oundary  v a lu e  prob lem  r e l a t e d  
to  th e  p h y s ic a l  p rob lem  o f d i f f r a c t i o n  o f  an E - p o la r is e d  
p la n e  wave ' in c id e n t  on an im p e r f e c t ly  c o n d u c tin g  right a n g le  
wedgeo
F or l a r g e  v a lu e s  o f  th e  c o n d u c t iv i ty  Jo n e s  and Pidduck [1 ] 
showed t h a t  f o r  an E - p b la r is e d  in c id e n t  p la n e  wave th e  
e l e c t r i c  f i e l d  component on th e  wedge i s  p r o p o r t io n a l  to  i t s  
norm al d e r iv a t iv e ;  th e  c o n s ta n t  o f p r o p o r t i o n a l i t y  in v o lv in g  
th e  complex refractive in d e x ,B o m  and Wolf [2 ] of a thin 
s u r f a c e  s k in  o f th e  wedge m a t e r i a l .  The e l e c t r i c  f i e l d  
com ponents s a t i s f y  im pedance bo u n d ary  c o n d it io n s  on th e  wedge 
s u r f a c e s .
The f i r s t  e x a c t  s o lu t io n  to  d i f f r a c t i o n  by an im p e r f e c t ly  
c o n d u c tin g  wedge o f arbitrary a n g le  was o b ta in e d  by  
M a ly u zh in e ts  (1950) [ 3 ] and l a t e r  in d e p e n d e n tly  b y  S e n io r  
( 1959) and W illia m s (1959) C5]« The s o lu t io n s  o b ta in e d  
b y  th e  above a u th o r s  a re  r e p r e s e n te d  in  an  i m p l i c i t  form  i n  
te rm s  o f s o lu t io n s  o f  a s p e c ia l  f u n c t io n a l  e q u a t io n , th e  
l a t t e r  can  o n ly  be so lv e d  w ith  d i f f i c u l t y ,  and  th e  r e s u l t i n g  
e x p re s s io n s  a re  r a t h e r  c o m p lic a te d . Jo n es and P idduck  C l3 
o b ta in e d  a  p e r tu r b a t io n  s o lu t io n  in  in v e r s e  pow ers o f  th e  
c o n d u c t iv i ty .  The e x p re s s io n s  o b ta in e d  a re  c o m p lic a te d  and 
no s u b s ta n t i a l  r e d u c t io n  o f  th e  r e s u l t s  was o b ta in e d .
F e ls e n  [63 t r i e d  t o  s im p li f y  th e  work o f Jo n es and P idduck  [13, 
b u t  h i s  r e s u l t s  y ie ld e d  a  s o lu t io n  s im i la r  to  t h a t  o b ta in e d , 
many y e a r s  b e f o r e ,  by Raman and Krishnan C?3. The s o lu t io n  
o b ta in e d  by  th e  l a t t e r  a u th o r s  was e m p ir ic a l ly  d e r iv e d ,  and 
th e  s o lu t io n  d id  n o t  obey th e  r e c i p r o c i t y  c o n d i t io n .
1().
W illia m s [8 ] p u b l is h e d  a  s h o r t  p a p e r  i n d ic a t i n g  how one 
c o u ld  o b ta in  s im p ly  an e x p l i c i t  s o lu t io n  f o r  a  boun dary  
v a lu e  p rob lem , s im i l a r  to  th e  above m en tioned  b ound ary  v a lu e  
p ro b lem , when one i s  c o n s id e r in g  wedge a n g le s  o f  m u l t ip le s  
o f  m /2. The m ethod u se d  r e l i e s  h e a v i ly  on th e  c o m m u ta tiv ity  
o f  th e  c a r te s ia n ,  c o o rd in a te  d i f f e r e n t i a l  o p e r a to r s .  We 
s h a l l  a p p ly  t h i s  m ethod, w ith  a  s l i g h t  m o d if ic a t io n ,  to  th e  
prob lem  o f d i f f r a c t i o n  o f an E - p o la r is e d  p la n e  wave b y  a  
r i g h t - a n g le d  wedge whose f a c e s  a re  im p e r f e c t ly  c o n d u c tin g ; 
th e  c o n d u c t iv i ty  o f each  f a c e  b e in g  d i f f e r e n t .
F o rm u la tio n  o f  th e  b o u n d ary  v a lu e  problem  ■
The wedge i s  assum ed to  be  d e f in e d  b y  th e  s u r f a c e s  
y  = 0 , X > 0 and x  = 0 , y  < 0 and p o la r  c o o rd in a te s  ( p , 0 ) a re  
d e f in e d  by  x  ~ p co s  0 , y  = p s i n  0 . The c a se  when th e  o n ly  
component o f  th e  i n c id e n t  e l e c t r i c  f i e l d  i s  t h a t  p a r a l l e l  to  
th e  z - a x i s  w i l l  be  c o n s id e re d . We s h a l l  assum e t h a t  t h e —  
in c id e n t  f i e l d  i s  g iv e n  b y  u^ -■ 0“ 3-Cmbn-kp c o s ( 0- 0o )]
^ " ^ 0 0 "^  ue""^^^^ d e n o te s  th e  t o t a l  e l e c t r i c  i n t e n s i t y
p a r a l l e l  to  th e  z - a x i s  th e n  Max\'gell*s e q u a t io n s  g iv e ,
(v^  + k ^ )u  = 0 , 0 <: 8 <  ,
(1.1)
P  9 ^  9 ^  P  Pw here v s  ^  , and k G pi w .Qyc: 0 0
In  o rd e r  to  o b ta in  a  u n iq u e  s o lu t io n  i t  i s  n e c e s s a r y  to
s p e c i f y  th e  b e h a v io u r  o f  u  f o r  b o th  la r g e  and sm a ll v a lu e s
o f p. F o r sm a ll v a lu e s  o f  p th e  e l e c t r i c  f i e l d  m ust s a t i s f y
th e  edge c o n d i t io n ,  i . e .  u  i s  assum ed to  be bounded a lth o u g h
11c
g ra d  u ' may be  unbounded. F o r l a r g e  v a lu e s  o f p th e  f i e l d
e x c lu d in g  th e  in c id e n t  and th e  r e f l e c t e d  p la n e  waves m ust 
s a t i s f y  S om m erfe ld 's  r a d i a t i o n  c o n d it io n  f o r  o u tg o in g  w aves, 
i . e .
Ih n  p ) -  i k ( u - u  ) )  = 0p r{,oo r g 5
where u  r e p r e s e n t s  th e  g e o m e tr ic a l  o p t ic s  te rm s .
The boundary  c o n d i t io n s  a p p ro p r ia te  t o . t h e  p r e s e n t  p rob lem  
a re  g iv en  b y ,
0  + = 0 , (y  •= 0 , X > 0) , ( 1 .2 )
- Xgii = 0 , (x  = 0 , y  ■< 0) . (1*3)ÔX
The boundary  c o n d i t io n s  d e f in e d  b y  th e  e x p re s s io n s  ( 1 .2 )  and 
( 1 . 3) n re  th e  s o - c a l l e d  im pedance boundary  c o n d i t io n s .  The 
p a ra m e te rs  and Xg a re  dependen t on th e  c o n d u c t iv i ty  o f 
th e  f a c e s  f o r  w hich th e  b o u n d ary  c o n d it io n  a p p l i e s .
G runberg [9 ] and S e n io r  [10] have s tu d ie d  t h i s  bound ary  
c o n d i t io n  and o b ta in  from  Maxivell ' s e q u a tio n ,
w here s = 1 , 2 , ( 1 .4 )
i s  th e  complex r e f r a c t i v e  in d e x  o f a sm all s k in  d e p th  o f  th e  
t h8 f a c e ;  and and a re  th e  p e rm e a b i l i ty ,
1 2 .
p e r m i t i v i t y  and c o i id n c t iv i ty  r e s p e c t iv e ly ,  o f th e  m a te r i a l  
c o m p ris in g  th e  s k in  o f  th e  a p p ro p r ia te  fa c e  s .  I t  i s  shown 
i n  [9 ] and [1 0 ] , t h a t  th e  im pedance boundary  c o n d it io n  i s  
v a l i d  p ro v id e d  IN^I »  1 . m ust n o t  b e  to o  l a r g e
how ever, b ecau se  th e n  th e  e f f e c t  o f c o n d u c t iv i ty  w i l l  be  
n e g l i g i b l e .  F o r th e  n o n - f e r r o u s  m e ta ls  th e  im pedance 
b o u n d ary  c o n d itio n , i s  b e s t  r e a l i s e d  in  th e  v i s i b l e  l i g h t  
spectrum  a s  p o in te d  o u t by  Jo n es  and P idduck  [ l ] . I t  i s  
w orth  n o t in g  t h a t  th e  t h e o r e t i c a l  v a lu e  f o r  g iv e n  b y  th e  
e x p re s s io n  ( 1 .4 )  g iv e s  a  much h ig h e r  v a lu e  th a n  th e  a c tu a l  
r e f r a c t i v e  in d e x  f o r  w a v e le n g th s  s m a lle r  th a n  1mm. T h is  i s  
b e c a u se  c o n d u c t iv i ty  i s  p ro b a b ly  a fu n c t io n  o f  f re q u e n c y ; 
f o r  t h i s  re a so n  Jo n es  and P id d u c k 's  d e r iv a t io n  o f  th e  
im pedance b oundary  c o n d it io n  i s  more r e a l i s t i c  b e ca u se  th e y  
o n ly  c o n s id e r  th e  m agn itude  o f
S o lu t io n  o f th e  b o u n d ary  v a lu e  problem  .....
A solution V of the equation (l.l) is now defined by  
means of the relationship
t V , (1.5)
so t h a t  from  e q u a tio n s  ( l . l )  t o  (1 .5 )
= A@ ^ , (y  = 0 ,x > 0 )  5 ( 1 .6 )
(x  = 0 , y < 0 ) . ( 1 . 7 )
i  (XS+k'") %  “ i  (x |+ k  )V -  Be -!- Ce
, 15'
F o r o u tg o in g  waves B = 0; . and a t  th e  o r ig in  (x  = y  -  0) v 
and i t s  d e r iv a t iv e s  m ust he  c o n tin u o u s  so t h a t  C and A a re  
r e l a t e d  by
A = (X, .. '  ( 1 .8 )
Hence
(y  = 0 ,x >  0) 5 (1 .9 )
'i(X g+ k^)^y
V = Oe ^ , ( x  = 0 ,y < 0 )  . (1 .1 0 )
We now s im p li fy  th e  work w hich fo llo w s  by  in t r o d u c in g  th e  
com plex B re w ste r a n g le  i t  and 6^ defined , by
o r
~ -  ik  co s  , (X^+k^) ^ -  k  s i n ^  ,
P  P \  “Xp = -  ik  co s  8.  ^ , (Xg+k )^  = - k s i n O ^  ,
i 8 h - l  ~  ^
(1, 11)
U sing th e  e x p re s s io n s  (1 .1 1 )  th e  e q u a t io n s  ( 1 .9 )  and  (1 .1 0 )
become
ik Gosi^v = i k ( s i n  0.^-cos 5 6 = 0 ,
(1 .12)
iky sin Of %  , ^V ~ Ce f 0 = . ( 1 . 13)
We now d e f in e  a new a u x i l i a r y  fu n c t io n  / ( p ,0 ,0 ^ )  w hich 
s a t i s f i e s  th e  fo l lo w in g  c o n d i t io n s :
(v^ f k ^ )/ = 0 , 0 < 0 < ,
0 f o r  6 = , (1 .1 4 )
^  “  ikoos'ii^ji^ = 0 , f o r  6 = 0 .  (1 .1 5 )
/  may he  a ls o  w r i t t e n  a s
- ik p  c o s (0 -0  )/ ( r ,8 ,0 ^ )  = e p ,8 ,8g ) s (1 .1 5 )
w here r e p r e s e n ts  a d i f f r a c t e d  f i e l d .
S u b s t i t u t in g  (1 .1 6 )  in to  (1 .1 4 )  and (1 .1 5 )  g iv e s
Ô /. -ilex  co s 0 ----ik  c o s 'i ^ / ^  = i k ( s i n  0^-Fcos'U^)e , f o r  8 = 0 ,
(]L. I?;)
- i k y  s in  0^ ^= e , f o r  8 = . (1 .1 8 )
On com paring e q u a tio n s  (1 .1 2 )  and ( I . I 5) w ith  e q u a t io n s
( 1 . 17) and ( 1 .1 8 ) ,  i t  can  be seen  t h a t  v  can be  r e l a t e d  to  
b y  r e p la c in g  0^ b y  th e  com plex a n g le  it + 0:|_ i n  (1 .1 ? )  and
( 1 .1 8 ) o Thus a  p a r t i c u l a r  s o lu t io n  f o r  v  i s
V  =  0 / ^ ( p , 0 , m - F  6 ^ )  .
In  o rd e r  to  o b ta in  th e  g e n e ra l  s o lu t io n  i t  i s  n e c e s s a ry  to
15).
add a  s o lu t io n  s a t i s f y i n g  e q u a tio n s  (1.12) and (1.13) w ith  
0 = 0 ;  c l e a r l y  such  a  s o lu t io n  i s ./(p,0,8^)= Thus a  
g e n e ra l  s o lu t io n  f o r  v  i s  g iv en  by
V = /(p ,6 ,0 Q )-O /^ (p 9 9 ,T C  + 6,^) .
T h is  l a t t e r  s o lu t io n  h a s  a ls o  to  b e  such t h a t  i t  p ro v id e s  
th e  appropriate p la n e  wave b e h a v io u r  in u a t  i n f i n i t y .
Thus th e  f i n a l  e x p re s s io n  for u i s
/  5 \  ( j^ (p ,8 ,8  ) 1
(1 .1 9 )
Tlius u  i s  d e te rm in e d  to  w i th in  th e  a u x i l i a r y  function /  and 
th e  uidaaown c o n s ta n t  C. The unknown c o n s ta n t  0 can be 
d e te rm in e d  from  th e  re q u ire m e n t t h a t  u  m ust s a t i s f y  th e  edge 
c o n d i t io n .  Thus we n eed  to  know th e  s o lu t io n  to  th e  
b o u n d a ry  v a lu e  prob lem  f o r
(v^ + lU))zf = O' , 0 < 0 < ^  , (1.20)
^  = 0 , f o r  8 = ^  , ' (1 .2 1 )
^ “ ikcos'i^?f = 0 5 for 0 = 0 ,  (1 .22)
~ikp cos(0“0.) ¥ = e °
/  s a t i s f i e s  th e  edge condition and th e  o u tg o in g  wave 
c o n d i t io n .
1(5.
a ' s o lu t io n  X o f  e q u a tio n  (1 .2 0 )  i s  now d e f in e d  b y  means 
o f  th e  r e l a t i o n s h i p
/  = , (1 .2 3 )
so t h a t  from e q u a tio n s . (1 .2 0 )  to  (1 .2 3 )  we o b ta in
, - i l o L ' s i n , ilex s in i^ .X = A e -{-Be , f o r  8 = 0 ,
? 'ik y  oosiA^  . f o r *  A =  S j lX = C e 5 f r  0
The c o n d it io n s  o f  c o n t in u i ty  a t  th e  o r i g in  and o u tg o in g  
waves a t  i n f i n i t y  g iv e
, - i k x  s in  t/TX = A e , f o r  0 = 0
, - i k y  CO8 i t
X = A e , f o r  0
(1 .2 4 )
o
Wè now d e f in e  a new a u x i l i a r y  fu n c t io n  i|r(p ,0 ,0 ^ ) w hich 
s a t i s f i e s  th e  fo l lo w in g  c o n d i t io n s :
(7^  + k ^ )^  = 0 , 0 <  8 <  ,
f  = 0 , f o r  0 = 0  and 0 = ^  , (1 .2 5 )
- ik p  c o s (0 -0  )w here i|f = e + * (1 .2 6 )
l ?o
Hence from  ( I . 25) and (1 .2 6 )
-ilex  co s  0\|r.^  « — e ^ j f o r  0 = 0 ,
- i k y  s in  8e , f  o r  0 =
(1 .2 7 )
Comparing e q u a tio n s  (1 .2 4 )  w ith  (1 .2 7 )  i t  fo l lo w s  t h a t  an 
a p p ro p r ia te  s o lu t io n  f o r  % i s  -  A i|f^(p,G i<^). In  o rd e r  
to  o b ta in  a g e n e ra l  s o lu t io n  i t  i s  n e c e s s a ry  to  add a s o lu t io n
Is a t i s f y i n g  e q u a tio n s -  (1 .2 4 )  w ith  A = 0 . T h is  l a t t e r  
s o lu t io n  h a s  a ls o  to  be  such  t h a t  i t  p ro v id e s  th e  a p p ro p i 'ia te  
p la n e  wave b e h a v io u r  f o r  /  a t  i n f i n i t y .  Thus th e  f i n a l  
e x p re s s io n  f o r  /  i s  '
(1 .2 8 )
Thus /  i s  d e te rm in e d  to  w i th in  th e  a u jc i l ia r y  f u n c t io n  ^ and
I fth e  unlmown c o n s ta n t  A . The unknown c o n s ta n t  A can  be  
d e te rm in e d  from   ^ and th e  re q u ire m e n t t h a t  /  s a t i s f y  th e  edge 
c o n d i t io n .  The b o u n d ary  v a lu e  problem  f o r   ^ c o rre sp o n d s  to  
th e  p h y s ic a l  p rob lem  o f d i f f r a c t i o n  by  an E '-p o la r is e d  p la n e  
wave b y  a  p e r f e c t l y  c o n d u c tin g  r i g h t  a n g le  w edge. T h is 
l a t t e r  problem  h a s  b een  so lv e d  b y  a number o f  a u th o r s  and th e  
e x p re s s io n s  f o r  i|j and a r e :
«  .  2n0„
$ = E e *^2n ( k p ) s in  — s i n  , (1 .2 9 )n = l “ÿ ” ^
M acdonald [11] ,
18
a
( «k)5 2^ .(V- G * .,)< :^ sco s&(/f-G^ .l-  J(g) 3 3 3 3
O arslaw  [12] , ( 1 =30)
w here, i n  th e  l a t t e r  i n t e g r a l ,  th e  p a th  o f  i n t e g r a t i o n  8 (6 )  
i s  th e  p a th  o f s t e e p e s t  d e s c e n t .  The a sy m p to tic  v a lu e s  f o r  
$ and a re  g iv e n  from  (1 .2 9 )  and ( I . 30) by
2^  . ? A  , 20„ _
 ^ e "^%4-2/ 3% s in  s in  , a s  p 0 , ( 1 » 3I )
g im/4 .ikp
1>a ~ K ( e , e p  ^  , as  p , ( 1 .3 2 )
y s i a  i ( 0 - 0 ^ )  s in  i (0 + e ^ )  
w here K (8 ,8 ^ ) = ^ ™
tTlie c o n s ta n t  A may now be  d e te rm in e d  from th e  edge c o n d it io n
i . e .  /  m ust rem ain  f i n i t e  a s  p 0 . S u b s t i t u t in g
ÎC Û.N V /> V " ik p  c o s ( e - 5  + ‘^ )
PÎ 0 sp’*“ * ^ ) ~ K P Î 952 ^ i n to  (1 .2 8 )
and th e n  r e p la c in g  i|f by  th e  a sy m p to tic  e x p re s s io n  (1 = 31) i t  
i s  seen  t h a t  f o r  th e  edge c o n d it io n  to  be  s a t i s f i e d
, s in  20g/3
^  -  ik ( s in 0 Q  ..cO BTi^JJsin |( 7 t / 2 - » i ^  •
IHaving found  A we now p ro c e e d  to  d e te rm in e  0 , by  a p p ly in g
:LS).
the edge c o n d it io n  to  th e  e x p re s s io n  (1 = 1 9 )« We th u s  
r e q u i r e  th e  form o f  / ( p ,8 ,8 ^ )  a s  p 0 . S u b s t i t u t in g  (1 .2 9 )  
i n to  (1 .2 8 )  gives a f t e r  c a r r y in g  o u t th e  v a r io u s  
d i f f e r e n t i a t i o n s ,
-  GoSl% ) ^
as p -» 0.
S u b s t i tu t in g  t h i s  e x p re s s io n  in to  (1 .1 9 )  and a p p ly in g  
th e  edge c o n d it io n  y i e ld s
c , I fffy 5C.Kif-7ir/ 1%)s I- B 3^ 2 3.
0tVv^ — ** S J ^ 3 3
(]L. 34k)
Thus we have so lv e d  c o m p le te ly  the boundary  v a lu e  problem  
f o r  u .
An e x p re s s io n  f o r  th e  f i e l d  i n  te rm s o f  an  i n f i n i t e  
s e r i e s  o f B e sse l f u n c t io n s  can  now be  o b ta in e d ; t h i s  s e r i e s  
i s  u s e f u l  f o r  c o m p u ta tio n  when kp i s  n o t  large. F i r s t l y  we
r e p r e s e n t  u . ( p ,8 ,8 ^ )  and / ^ ( p ,8 ,8 ^ )  in  te rm s o f  t o t a l  f i e l d  
q u a n t i t i e s  / ( p , 8 , 8  ) and # (p ,8 ,8 ^ )  r e s p e c t iv e ly ,  and h o t 
d i f f r a c t e d  f i e l d s .  T h is  can  be a ch iev e d  b y  n o t in g  t h a t
p. \  - ik p  cos(6-(tc4*0. ) )^  -  ik  co s 0.^)0 s  ■ 0 ,
20,
.  \  « ik p c o 8 (6 '» (m /2 - 'f f ) )^  + i k o o s J ^ j e  ^ B O ,
and  s in c e  / ( p ,8 ,6 ) = e ik p  cos(O -0^) 
ik p  c o s (0 -8 ^ )
/ ^ ( p ï 9 5 0 ^ )
+ 4fa.(p)9,6Q), th e n
I — i k  c o s\^ 0x:
- ^ + i k c O 8 ^ ^ i ^ ^ ( p , 0 , ^ - t ^ )  B ^ . ^ + i k c o s i / ^ ^  K p , 9 , § - " ’^ ) '
Thus (1 .2 8 )  and (1 .1 9 )  become on u s in g  th e  above i d e n t i t i e s
^(p,8,0o) = ( ■ ^ + i k c o s ^ ) ^ K p î Qî Ôq)ikC Sin 0^"-COS/i^y  -  A ( p 5 0 '" '( ^ ) l
(1 .3 5 )
u ( p ,0 ,0 q) = a \  ( / ( p î 0 î 6q) 'i k c o s e ^ j  “ î i r 5 ï ï i ë y S 3 F ë p ' " C ‘^ ‘-P’®’’^'"8t^Bx
(1 . 36)
S u b s t i t u t in g  (1 .2 9 )  i n t o ( l . 33) and c a r r y in g  o u t th e  d i f f e r e n t i a l  
o p e r a t io n s ,  and th e n  s u b s t i t u t i n g  th e  r e s u l t i n g  r e l a t i o n  f o r  
/ ( p ,0 ,0 q )  i n to  ( 1 . 56) we o b ta in ,  a f t e r  some m a n ip u la t io n .
%i(p,8*6o) = — g— 83 k ^ (s in  8 - c o s  04.) ( c o s  8^+cos 0 . ) s i n  $ (m /2—&^ )t '
21,
, I CoS & 2  L s l w S j !  S i M .0 ^  ^ .L co S ; 0 ^  + 1 k c o S - ^  ja
9/>, /« J \  F ^e ^ '"  S iw 2|§ .
hsf I
r _ sU-v, 3.1% De s ÎA%/^ 'Y -  su-w (k&"S 3 3 "3 3 2 3 ^  '
/sW,:^Bz-Stw2.K©t «. sCvyl^Dz. SLW&8A /sCvvj^ -" (\  “X  ~  3 / V  3  3  3 3 / ;(1.57)
w here 6^  ^ -  S  t  ® 8g = n: + 6^ .
The e x p re s s io n  (1«57) i s  suitable for r e g io n s  n e a r  to  
th e  wedge t i p ,  h u t  a t  d i s t a n t  r e g io n s  from  th e  t i p  th e  f i e l d  
i s  composed o f p la n e  waves and a  d i f f r a c t e d  field. ¥ e  s h a l l  
now o b ta in  an i n t e g r a l  r e p r e s e n ta t io n  o f th e  d i f f r a c t e d  f i e l d  
s u i t a b l e  f o r  co m p u ta tio n  of th e  f i e l d  f o r  kp l a r g e .
R e w ritin g  ( 1 .2 8 )  i n  te rm s  o f th e  d i f f r a c t e d  f i e l d  ^ ^ (p s O ^ O ^ )  
and a  p la n e  wave te rm s  g iv e s
-ikp c o s (0 -0 ^ )
^ ( p ,8 ,8 o )  = (?% ;+3±co8% ^^) ^
1^ (3^( P Î 8  » 0 q )  * . Æ
3TTHnn%=ôôF:I3g « A
The f i r s t  te rm  g iv e s  r i s e  to  p la n e  waves and i s  th e r e f o r e  
d isp e n se d  w ith  s in c e  o n ly  th e  d i f f r a c t e d  f i e l d  ^^(piO ^O ^) i s
required, th u s
+_L,jL. f  C k .  , - ^ ' i^ ( ( > ,® > ? - 4 ) ?  •
 ^ ^  / I  i k ( s - ^ % ~ c s A )  "  J(1 . 38)
In  th e  i n t e g r a l  r e p r e s e n ta t io n  o f t^C p90 50^ )s  see  (1 ,3 0 )  p 
and 0 o n ly  o c cu r in  th e  term e^^^ coo(y'^0)^  and th u s
S u b s t i t u t in g  ( l .^ O )  i n to  (1 ,3 8 ). and u s in g  (1 .3 9 )  g iv e s
. I P S L K 3 & . /  • / fi 'N|4f | ^ ^ s A r ) e   ______________ ^
^ ^ s c e )  Psc^.% -. Cos A  )
(1.59)
—   —  ■
pS|(i('"?.)-C«&atyas|(V-H?.')-CoS^) (cai&C^-&i)-Ct>!,m)fco&^(l/i-S,)~0>S^)
a y ,
^ " (1 .4 0 )
w here d i f f e r e n t i a t i o n  u n d e r th e  i n t e g r a l  s ig n  i s  valid s in c e  
th e  i n t e g r a l  r e p r e s e n ta t io n  o f  ^^(^(psQsQq) i s  u n ifo rm ly  
c o n v e rg e n t «
S im i la r ly  from  (1 .1 9 )
lU(p.&A)zs -  J- S(X& -  ik(os8"  '  I 2^ d &  ‘ àiâ&Êel   -  c .
(1 .4 1 )
25.
A gain i n  896^)5 (1 .4 0 )  p and 0, o n ly  o ccu r in  th e
e x p o n e n tia l   ^ co & ( y*“0 ) t h a t
Z)c f  90 /
Thus a f t e r  some m a n ip u la tio n
Ud  ^ f  (^cosV—(:^s9k)(sù%ÿ -V .0 ' ^
L J G^osOo 4 (:os ^ drYstwOo”" < k > s i \ v Z Of —sd^k-Ê;
S(d) ^  2, J  3 J
%0 2 ^ Civ ^  svvwlDn^... 5VWhPuH-i SCvuZ ^  Rt d-z) d V  ^
hso ^ ^
(1 .4 2 )
where = 6^ ,  and 0  ^ , 0g and E (a , P) have a l r e a d y  been  - -
d e f in e d ,  see  ( 1 , 32) .
C a lc u la t io n  o f  th e  d i f f r a c t i o n  c o e f f i c i e n t
A s t r a i g h t  fo rw a rd  a p p l i c a t io n  o f th e  m ethod o f  s t e e p e s t  
d e s c e n t  to  (1 .4 2 )  g iv e s ,  assum ing  t h a t  no p o le s  o f th e
in te g r a n d  o ccu r n e a r  th e  sa d d le  p o in t  y -  85
M ^(pi8 , 0Q) -  h ( 0 , 0^) •{• 0 (kp -^/^) , ( 1 . 4 3 )
w here th e  * d i f f r a c t i o n  coefficient* 0(8,0^) i s  g iv en  by
P/L
^  I  c m S  9 -  coS Q'O (5W9 4- c o s i â d i  Q  W  h  /
( ws 9g "h ^os^tr') (aX.9;, ^  çoso9^y 5Cw,i4% s\^ ^^ 9^  _ &CvvW 3
3 "  "3 T '  "Tl
p.
* 2^ — SUv^ y-9t,4.> sUa. K (0)0t^ 4-2)  , (2  oma)
hci-o
111 tlie  s p e c i f i c  p rob lem  to  which we a re  go ing  to  a p p ly  
th e  d i f f r a c t i o n  c o e f f i c i e n t  b o th  f a c e s  o f th e  wedge w i l l  
have  th e  same im pedance; and th e r e f o r e  we may s e t  8. 
i n  th e  expressions (1 .4 2 )  and ( 1 .4 4 ) ,  t h i s  g iv e s ,  after some 
tr ig o n o m e tr ic  m a n ip u la t io n .
U 4 (ft6 )=  __i
J^TTt J
( tesV -
60 4" CoS 00 " Cos Gty
S(9)
)^2 a>S-^c»sa£’ + ^ -  u s H A 'j  ^.....
(cas^fif-Siy a.tÊ^^CoStC^+Si)- fo)-
(1.45)
D(G, a ) =
(1 .4 6 )
An im p o rta n t p r o p e r ty  o f  th e  d i f f r a c t i o n  c o e f f i c i e n t  (1*46)
2 5 .
i s  t h a t
h (0 5 0.^) “ h ( - ^  '=^0 , ™ 0^) , ( 1 , 47 )
w hich means t h a t  th e  a n g le  o f. in c id e n c e  8_ and th e  a n g le  o f 
o b s e rv a t io n  0 can  b e  m easured  from  e i t h e r  f a c e  o f  th e  wedge 
p ro v id e d  th e y  a re  b o th  m easured  from th e  same datum face*
O th e r p r o p e r t i e s  o f  D(8,G ) w hich w i l l  be  r e q u i r e d  l a t e r  a re
B(O ,0p) = D (9 ,0 )  = 0 ,  (1 .4 8 )
I D ( 8 ,a ) „  ^
(1 . 49 )
gb (0,9») -  o)c -  4 ei(LA>s8-  CoS0eXsCw9+ ~
( 1 . 50)
■ ■ b » Jo .an  8 6 ^ ( / 'c , .e
3  J 5 r f  (tosS. ^-cos0t)(^''^8o- 4I  j
( 1 . 51)
&.3r\%C®; 0) = - e ^ ( L s 0 - ü . 5 6 d 4 ^ + ' . 5 e J ) ( ' -  ~
3>1 toSBfe) cos^&ü ^(04-00
( 1 . 52)
R e w ritin g  th e  i n t e g r a l  (1 .4 5 )  iu  a  more c o n v e n ie n t form
g iv e s
26,
_ L _  (  — :— ! - - - - - - - - - - ' - - - - - - - ! - - - - - - - - - - - '*
, CoS 33T _ CfS a  0A CoS-nr„ coS 3.(^4 &<>) J 3 3 3
(1 .5 5 )
where
J b ( i A ) =  c .& e b W - i - c . s 6 t ) 6 ^ ^  .
(coSk0^4" c o s 0 O
(1 .5 4 )
The re a so n  f o r  w r i t in g  u ^ ( r ,0 )  i n  t h i s  fo rm , i s  t h a t ,  
com plex p o le s  in v o lv in g  0 .j_ o n ly  a p p ea r i n  I t)  (y?8q)* These
p o le s  n e v e r  o c cu r i n  th e  ran g e  o f  y w hich we s h a l l  he  
co n ce rn ed  w ith . The p h y s ic a l  re a so n  f o r  th e  l a t t e r  s ta te m e n t 
i s  t h a t  no s u r f a c e  waves a re  e x c i te d  o r  su p p o rte d  on th e  wedge 
f a c e s  u n d e r c o n s id e r a t io n .
C a lc u la t io n  o f  th e  f a r  f i e l d  f o r  re g io n s  where th e  d i f f r a c t i o n  
c o e f f i c i e n t  becom es i n f i n i t e
F o r c e r t a i n  v a lu e s  o f 0 and 8 , th e  p o le s  o f th e  in te g r a n d  
i n  (1*55) ap p roach  n e a r  t o ,  and can e x i s t  a t ,  th e  sa d d le  p o i n t .  
I n  such  a  s i t u a t i o n  th e  norm al sa d d le  p o in t  m ethod b re a k s  down, 
and th e  e x p re s s io n  (1 .4 6 )  o b ta in e d  f o r  th e  d i f f r a c t i o n  
c o e f f i c i e n t  i s  no lo n g e r  v a l i d .  The s i t u a t i o n  d e s c r ib e d  above 
c o rre sp o n d s  to  th e  p h y s ic a l  s i t u a t i o n  when th e  f i e l d  i s  
o b se rv e d  n e a r  to  th e  g e o m e tr ic a l  o p t ic s  b o u n d a r ie s .
We s h a l l  now u se  th e  m ethod o f O b e rh e t t in g e r  [ Ig ]  to  
d e r iv e  .e x p re s s io n s  f o r  th e  d i f f r a c t e d  f i e l d  w hich a re  u n ifo rm ly
2 7 .
v a l i d  n e a r  th e  g e o m e tr ic a l  o p t i c s  b o u n d a r ie s * B efo re
a p p ly in g  th e  m ethod o f  O b e rh e t t in g e r  th e  d i f f r a c t e d  f i e l d  
i n t e g r a l  r e p r e s e n ta t io n  (1*53) m ust be  r e p r e s e n te d  i n  te rm s  
o f  L ap lace  ty p e  i n t e g r a l s .
L e t t in g  0 = y? said th e n  w -  iw i n  th e  e q u a tio n  (1 .5 3 )
g iv e s  ■ .
<30
tWcK.u> e  c\w (1 .5 5 )
The two i n t e g r a l s  i n  th e  e x p re s s io n  (1 .5 5 )  a re  o f th e  g e n e ra l  
form
I b  (6 +iw ,6 ^ )
PC p,6) = 5 P 7  L  (c o s  f -- oos § (iw + * )) (1 .5 6 )
w here  ^ ^ 0 1
Some m a n ip u la tio n  e n a b le s  one to  r e w r i te  (1 .5 6 )  i n  th e  form
P ( p , e )  =  _  I ^
(air o I olvlidâ. — cp5 2: (iP" 4^ ) j  ^ 3 3 J
_L Slk 2^ 6r44') ( 3)e ( Dp  ^^
G'fT ^ CoS 2;3 3o  _  c sS.Ctpv-'-P) ^
CO
L
6ir ok Ow _  CoS ^  (TT-t) % 3 r*
“f"
2 8 .
<x>
-j”»
47T
where
o ( D . eJ' ^ c i ^
i ck%!^  _ coS% L 3  3
g(G,8Q,w) ; ^ ( 8 + i w ,  6^) + ]D (Q - lw , 8^)
(1 .5 7 )
l b  “ I D (8 4 iw , 8^) -  ]D (8  iw , 0^) .O'
Thus th e  f i e l d  U n (r ,8 )  can  now he  w r i t t e n  i n  th e  form  
U ^ C P s G )  -  *“ ( i C l t ^ Q + O ^ )  4 J ( t ï " 0 4 0 ^ ) )  “  ( l ( % 4 0 ™ 0 g )  ™ t) (7î40™8^) )
4 {I(7C“6“ 0^) 4 tT(Tt'~0“0^)} 4 {l(%4040g) =• 0(714040^)} (1 . 58)
w here
1 (6 )
J(6)
oO
\  l b e . f ^ > 8 o ,u )  €  ' Mto% 
G ir
JL.
Qir
o
„ [ c U ^  _ ]
3bo(e,Go,Lo)s^3ÿ.
_ cnS2%. 13  3 j
(1 .5 9 )
(1 .6 0 )
1( 6) =
I ( 6457m )  = 1 ( 6 )  , J ( 6 4 5 u n )
I ( - 6 )  , J ( 6 )  = J ( - 6 )  -
(1 .6 1 )
= 1 (6 ) , Ini = 0 , 1 , 2 . . .
Ï 0 e v a lu a te  (1 .5 9 )  anâ  (1 .6 0 )  a s y m p to t ic a l ly  f o r  l a r g e  kp i t  
i s  n e c e s s a ry  to  expiand th e  n u m e ra to r , e x c lu d in g  th e  e x p o n e n t ia l ,  
i n  te rm s  o f 8b%. T h is  i s  a c h ie v e d  hy  means o f  B urm ann 's 
th eo rem , W h itta k e r  and W atson [1 4 ) ,  which g iv e s
/  \ .+ iw ,6 ^ )  = Z° n=:0 ^  \  (=!/
29
n
9
w here = 31) ( 6 ,8 ^ ) .  The rem a in in g  c o e f f i c i e n t s  up to  B^ 
a r e  g iv en  i n  A ppendix lA , s in c e  th e y  a re  o f a  c o m p lic a te d  
form* From th e  r e l a t i o n s h i p  betw een  ]b  (0 -  iw ,8  ) ,
_Q)^(0,8^,w) and 2 ^ ( 8 ,8 ^ ,w) and th e  ex p an s io n , E rd e ly i  [1 5 ] ,
shvw -  2vsh'^ e 4 ^ V  5 '^ * 5 «‘Sh^ ,
we o b ta in  •
D e (8 ,8 ^ ,w )  = 2 (sh ^ )  , (1 .6 2 )2n
and
ish ^ ^ IC ^ (0  s0 ^ ,w) = 4sh^  ^  2 ) q( 6 ,0 ^ ,w) , (1 .6 3 )
w here
\2n, I /  \£i3b  ^ (0 ,0 ^ ^ )  =: Bp^ ^sh ^y  5 • (1 .6 4 )
and th e  r e l a t i o n s h i p s  be tw een  th e  c o e f f i c i e n t s  Bp^ and 
^2n+l^ u  = 0 , 1 , 2 . . .  a r e  g iv en  in  ap p en d ix  lA* The 
above ex p an s io n s  a re  v a l i d  i n  th e  re g io n  I sh^ l < 1 , and , 
s in c e  th e  sa d d le  p o in t  o f  th e  i n t e g r a l s  (1 .5 9 )  und (1 .6 0 )  
o c c u r a t  w *= 0 , a r e  i n  a  s u i t a b l e  form  f o r  th e  a sy m p to tic  
e v a lu a t io n  o f th e  i n t e g r a l s .
Uniform  a sy m p to tic  ex p an sio n  f o r  l ( ô )
We s h a l l  now o b ta in  th e  a sy m p to tic  e x p an s io n  f o r  th e  
i n t e g r a l  (1*59) f o r  a r b i t r a r y  5 and kp la rg e *  L e t chw = l 4 t
3 0 .
i n  ( 1 . 59) so t h a t
1(6) . = eikP f  E (t )e ^ P t  ^  , (1 .65)
where
26 (t+2)~® jUe(8 ,Go't)
[ch>j(log;(l4t+(t 42t)^))-cos-^]
(1 .66)
and from (1*62)
■ “  'f'll>„(e,0„,t) = 2 1 : Bp^(i)“ . . (1 .67)e u ]i=0
The e x p re s s io n  (1 .6 6 )  can. be  expanded i n  an i n f i n i t e  s e r i e s  
i n  t ,  ab o u t th e  0 id  g in ,  and th e  s e r i e s  w i l l  be  a n a ly t i c  i n  
th e  r e g io n  I t  i < ( t ^ I ,  where t ^ (  = -  2 s in ^  6 /2 )  i s  th e  n e a r e s t  
p o le  t o . t h e  o r i g in .
Thus
IC(t) ~ Z 0 t  , w here = :r r  n=0 ^  ^ K (t)-d t^ t= 0  '
I t l  < I t^ I  0 (1 .6 8 )
The f i r s t  c o e f f i c i e n t  0 i s  g iv e n  by
ÏÏ)(0 ,Ô q) 5
and 0^ and Cg a re  g iv e n  in  A ppendix lA . To o b ta in  a u n ifo rm  
a sy m p to tic  ex p an sio n  f o r  1 ( 6 ) ,  which i s  v a l i d  f o r  6 4 0 , i t  
i s  n e c e s s a ry  to  remove th e  p o le  t  ~ t ^  from  th e  e x p re s s io n  
f o r  K ( t ) .  Thus we d e f in e  h ^ ( t )  by
31 
1)K (t) = Ii(t) , (1*69)0 ‘
where K*^(t) i s  a n a l y t i c - a t  t  = t  , and. from  ( 1 , 66) j
Io i]bQ(8 98Q,« 2  8 in '^ ô /2 )8 in 6 /2  !
-1  t"*t °  (o I
(1 .7 0 )
.*From (1 ,6 9 )  i t  can  he seen  t h a t  K ( t )  h a s  a l a r g e r  r a d iu s  o f 
a n a l y t i c i t y  th a n  E ( t ) , t h i s  i s  b ecau se  we have rem oved th e  
s i n g u l a r i t y ,  t ^ ,  n e a r e s t  to  th e  o r ig in ,  from  E ( t ) .  D eno ting  
b y  t ^5 th e  s i n g u l a r i t y  o f E ' \ t )  n e a r e s t  to  th e  o r i g in ,  th e n  
I t ^ l  > I t ^ l ;  and th u s  we can  expand E ^ ( t)  a b o u t th e  o r i g in ,  
t h e  ex p an sio n  b e in g  a n a l y t i c  f o r  I t l  < I t^ l*  Thus
K ^ (t)  = Z d t ^  , w here d = r k 'n=0 ^  ^ IC ( t  )d t^ t= 0  ’
f o r  I t l  < I t^ i  « . ( 1 . 71)
Hence s u b s t i t u t i n g  K (t)  g iv e n  by  (1*69) i n to  (1 .6 3 )  we o b ta in
1 (6 ) = 1”  f ( t ) e ^ k p t  ^  _
(1 . 72)
To e v a lu a te  th e  f i r s t  i n t e g r a l  o f th e  e x p re s s io n  (1*72) th e  
fo l lo w in g  fo rm u la , w hich can  be  o b ta in e d  from  E rd e ly i  [13 ] 
p age  219 fo rm u la  34 and page  221 fo rm u la  32, i s  r e q u i r e d
r Ë _ d 3 L .  = r ( v ,  -  ia-b) , (1 .7 3 )
0 x^ (x+ h)
a  > 0 , IRe v! < 1 , la rg  b l < tc »
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1Thus f o r  th e  p a r t i c u l a r  v a lu e  v -  ^
^xax eI  ^  ^  i- ( l  , „  la b )  . ( 1 . 74)
The in co m p le te  gamma f u n c t io n  can  be e x p re sse d  in  te rm s o f 
th e  F r e s n e l ■i n t e g r a l  « Thus,
J /x (x 4 a ; 2 g -(ab47 i/4 ) s (ÿ â b ) ( 1 . 75)
where
S(U) E= u (lo 7 6 )
i s  th e  F re s n e l  i n t e g r a l .
The second  i n t e g r a l  o f  th e  e x p re s s io n  (1*72) can  be e v a lu a te d  
b y  a  s t r a ig h t f o r w a r d  a p p l i c a t io n  o f  W a tso n 's  Lemma; and 
n o t in g  t h a t
b
11;
nT
.d t^ t= 0
2n ï d
n
d t t =0
d11
L d t nr E ( t) n+1t= 0  ( - t ^ )
n
( - 1 ) ^  2 “ “ ^ 'JD g (e ,0 ^ ,~ 2  s in^& /2 ) 
2%( s i n  6 /2 ) ( 1 . 77)
we o b ta in
3 3 .
1 ( 6 )
\[tt
z (-iV^ Jbf, (  j r"(M4 '/;)
a r
(1 . 78)
w hich i s  th e  u n ifo rm  a sy m p to tic  s e r i e s  f o r  I (ô )«
H iifo rm  a sy m p to tic  e x p an sio n  f o r  J (ô )
^Making th e  change o f v a r i a b le  chw = 1+ t i n  th e  i n t e g r a l  
r e p r e s e n ta t io n  ( l« 6 0 )  g iv e s
J (ô )  = e^^P J  t ^  M (t) e^^^P^dt , ( 1 . 79)
where
M (t) (t+2)~% ® * (9,8^,t)37cCch § ( lo g ( l+ t- i - ( t^ + 2 t)  ^ ))  -  co s (1180)
and from  (1 .5 4 )
( 8 ,8 ^ , t ) u \nn îo
The e x p re s s io n  (1 .8 0 )  can be  expanded in  an i n f i n i t e  s e r i e s  
o f t ,  ab o u t th e  o r i g in ,  w hich w i l l  be  a n a ly t i c  in  th e  r e g io n  
I t l  < I t ^ l ,  w here t^ ( =  -  2 s in  6 /2 )  i s  th e  n e a r e s t  p o le  to  
th e  o r i g in .  Thus
M (t) Z c„ t ^  s where c n=0 % ^ ÏÏT
_d
d t
n.
n M(t)
I t !  < I t  I o
t - 0
(1 .8 1 )
3 4 ,
w here th e  f i r s t  few c o e f f i c i e n t s  a re  g iv en  i n  A ppendix lA*
To o b ta in  a  u n ifo rm ly  v a l i d  a sy m p to tic  e x p an sio n  f o r  J (ô )  
i t  i s  n e c e s s a ry  to  i s o l a t e  th e  p o le  , b y  d e f in in g  a  new 
f u n c t io n  M '( t )  b y
Îb T. ^
M (t) = ^  ( t )  , ( l« 8 2 )
where
. , _  . , î b ^ ( 0 ,0 „ , - 2  s in ^ 5 /2 ) s in  a /2
(1 .8 3 )
''=-1 " 11® & -to )M (t)  = — ------ 72lft"“iI5 2 ~ 6 7 5
Thus (1 .6 0 )  can  be  w r i t t e n  i n  th e  form
-  ÿ k p t. J (6 )  = e W  j. t« M * ( t)  e^-^ 'P ^ t ,
(1 .8 4 :
where
oo
M ( t )  . -  s  a  , (% = -An=0 “  n  n .
I t l  < I t / I
- ^ 1  M "(t) ' d t^ , (1 .8 5 )t - 0
The f i r s t  i n t e g r a l  i n  th e  e x p re s s io n  (1 ,8 4 )  i s  e v a lu a te d  by  
m eans o f th e  fo rm u la  ( 1 ,7 3 ) ,  w ith  \> = , i , e .
By means o f th e  r e c u r r e n c e  r e l a t i o n s h i p  f o r  th e  in c o m p le te  
gamma f u n c t io n  th e  i n t e g r a l  (1 .8 6 )  can  be e x p re s se d  in  term ; 
o f  th e  F re s n e l  i n t e g r a l .  Thus
...
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j  V x T b J ”  ^  { »• r ( - | ,  -  i a b )  + (-iab )" '®
= y E  elT :/4 _ 2 / ^  g - ia b - i ic A  g(^/gg) , ( 1 .8 ? )
The second  I n t e g r a l  o f th e  e x p re s s io n  (1 .8 4 )  i s  e v a lu a te d  
b y  a s t r a ig h t f o M a r d  a p p l i c a t io n  o f W a tso n 's  Lemma. Thus
J (ô )  -  .8)1 SiU'Si/a
■ T zîT k^  S C t\ X S /^
__ 2  o /(?. J - 2 a S / a . )  e ^ ih .s /j.V 'S.ÇJW.S
n/t " S ÏK  z S /g ,
i ( k p ^ ^ h ) ^  
t - g —  • V
( k p T ^ d y ) "
(1 .88)
H aving d e te rm in e d  th e  u n ifo rm  a sy m p to tic  ex p an s io n s  f o r  
I(ô) and J(ô) we s h a l l  now d e te rm in e  th e  e x p re s s io n s  f o r  
p a r t i c u l a r  v a lu e s  o f  6 ,
6 n o t  n e a r  zero
In  t h i s  s i t u a t i o n  th e  a rgum en ts o f th e  F re s n e l  i n t e g r a l s  
a r e  l a r g e  and we can  u se  th e  as^m ip to tic  ex p an s io n  f o r  th e s e  
i n t e g r a l s ,  v i z .
ix ^  iu '/2  CO , ] \ X . xn
S ( lx î )  f** Z — ’ l%! 4 oo , (1 .8 9 )
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Thus e x p re s s io n  ( I . 7 8 ) becom es a f t e r  u s in g  (1*89)
^ i(kp4 ix /4 ) CO r(n+&) i ^
n=0 (k p )^
^ 9 ^  g iC k p ^ A )^ ^ ^ . 5 / 3  ^ 0 (kp“ 5 / 2 ) . ( 1 . 9 1 )
R e w ritin g  (1 ,8 9 )  a s
c , / , ^ , \  e ix A i% /2  »  r (n 4 5 /2 ) ( .-d )^
l* s  1 I I I %» CO» *w»»#9HW.>ei*»»!=**=w**#*iyKuwiii«i* }  .  W R kW wwa, «#*?«** ii *« . i^ i ',:w=*"MAun*wa,.«KM* ^ 2 R r ~  2^  ,^ ,3 /2  ^ :o  %2n
and s u b s t i t u t i n g  t h i s  e x p re s s io n  in to  (1 .8 8 )  y i e ld s
3%'
( 1 . 92)
-  c l  r (u 4 3 /2 )  
( k p ) 3 / ‘^  n = 0  (k p )* ( 1 . 93)
J(& ) ~ 0 + 0 (kp“ 5 /2 )  , ( 1 . 94.)
S u b s t i t u t in g  th e  e x p re s s io n s  (1 .9 1 )  and (1 .9 4 )  in to  th e  
e x p re s s io n  (1 .3 8 )  g iv e s  th e  e x p re s s io n  ( 1 .4 3 ) ,  where D (6 ,8 g ) 
i s  g iv e n  by  ( 1 .4 6 ) ,  i n  a cco rd an ce  w ith  e x p e c ta t io n .
6 n e a r  z e r o ,
F or sm a ll ô th e  a rgum en ts o f th e  F re s n e l  i n t e g r a l s  a r e  
a l s o  sm a ll ,  and a s u i t a b l e  a sy m p to tic  e x p an sio n  f o r  S ( I x i )  
m ust be  fo u n d . F o r Ixl -> 0
S d . O  = f  = •
t x l  ■ '0
4  e ^ ‘ -  . ( 1 . 9 5 )2 A
5 7 .
t tZF o r Ixl «  1 , th e  s e r i e s  e x p an s io n s  f o r  e ' i s  u n ifo rm ly  
c o n v e rg e n t fox' a l l  t  ^  Ixl , and we may th e r e f o r e  i n t e g r a t e  
te rm  b y  term  th e  s e r i e s  ex p an s io n  f o r  i n  ( 1 ,9 3 ) .
Thus
r  03 , .  2%n
S ( l x l )  e Ixl  Z n rt^ n + T J  ’ ^^^ •;«' 0 , (1*96)
By means o f th e  f o l lo w in g  fo rm u lae
co sec  V  -  ^  co sec  6 /2  4 s in  6 /2  4 0 ( s in ^ ô /2 )  ,
co s  = 1 ^  s in ^ ô /2  s in ^ ô /2  4 0 ( s in ^ ô /2 )  ,
s in  ^  s in  6 /2  sin*'’ô /2  s in ^ ô /2
4 0 ( s in ^ ô /2 )
co sec  ^  CO sec  Ô/2 -  s in  6 /2  -  a in ^ ô /2
4 0 ( s i î i^ ô /2 )
c o t  -= co sec  6 / 2 s i n 6 /2  s in ^ ô /2
4 0 ( s in ^ ô /2 )
w hich a re  o b ta in e d  from  E r d e ly i  [133 ?
s in  vz = 2\) s i n §  2^1 ^  ; s in ^ z /2 )  ,
1 ?  \cos vz = 2F^(v^ -  ^  ; s in  z /2 )  ,
and th e  e x p re s s io n  (1 * 9 6 ), we may expand. (1*78) and (1 .8 8 )
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i n  te rm s o f s in  5 /2 .  The m a n ip u la tio n s  have to  be  c a r r i e d  
o u t w ith  c a r e ,  and t h i s  i s  a  r a t h e r  te d io u s  t a s k .  The 
p a r t s  w hich would be  s in g u la r  i f  5 = 0 c a n c e l each  o th e r  
o u t and we f i n a l l y  o b ta in
1 (6 )
I _U„ ;^2.4- Elf I SCh S/^
S im i la r ly
(1.97)
^  ^  / C^4Tr/<j.) . I
J ( 6 )  -  ^  6 .0 .6 ^  & C i S e ' t
2.
LÔ^ -
6
2  N/Srli^Y / CM ‘
(1.98)
/ , . 3 9 .
5 ô ' where ô* i s  sm a ll and i s  a f ix e d  a n g le
The a rgum en ts o f th e  F r e s n e l  i n t e g r a l s  w i l l  be  l a r g e  
and we can th e r e f o r e  s u b s t i t u t e  (1 .8 9 )  i n to  (1 .7 8 )  and (1 .8 8 )  
and s e t t i n g  ô -  ± ô  ^ we o b ta in  a f t e r  some m a n ip u la tio n  o f
th e  r e s u l t i n g  e x p re s s io n s
1(4, ± 5 ' )  = Ï :  a M g , S 4
*?> 3s/zYïk(C^  s u f
    ■-. Co
IX -JâîrlY y
-i-
/  SuA.S/z, \
^  l v ) " ' v
(1 .9 9 )
* /5 )2  + o ( a m _ ^
\ k p )
(1 . 100)
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CEAPTER 2
An E“P o la r i s e d  p la n e  wave
• ik r  s in  ( 0 -1*0^)Uj ( ? )  = e" (2 . 1)
w here x  " r  co s 0 , y  -  r  s i n  0? i s  in c id e n t  on an im p e r f e c t ly  
c o n d u c tin g  r e c ta n g u la r  c y l in d e r : .  1x1 ^  ly l h ,
CO < 2 < «>; see  f i g u r e  1» The p e r m e a b i l i ty ,  p e r m i t t i v i t y ,  
and c o n d u c t iv i ty  o f  th e  c y l in d e r  a re  p,. G and o r e s p e c t iv e ly ;  
and th e  complex r e f r a c t i v e  in d e x  o f th e  c y l in d e r  m a te r ia l  i s  
g iv e n -b y
The s id e s  o f th e  c y l in d e r  a re  assum ed to  be l a r g e  com pared 
to  th e  in c id e n t  wave w av e len g th  ( i . e . ,  kb > l )
Zb
f} /
y/
2-cu
F ig u re  1
N
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4 1 .
The problem  im der c o n s id e r a t io n  i s  t h a t  o f  f in d in g  th e  f i e l d  
a t  th e  p o in t  P ( r , 0 ) ,  0 ^ 0  < 2%, where r  i s  l a r g e  com pared 
to  th e  d im en sio n s o f  th e  c y l in d e r ,  i . e .  th e  d i f f r a c t e d  f a r  
f i e l d .  C le a r ly  from  th e  symmetry o f  th e .p ro b le m  we need  
o n ly  c o n s id e r  an. a n g le  o f in c id e n c e  w ith in  th e  ran g e  
^  0Q ^  In  p a r t i c u l a r  we s h a l l  o b ta in  th e  t o t a l
s c a t t e r i n g  c ro s s  s e c t io n ,  (w hich i s  th e  sum o f th e  a b s o rp t io n  
and s c a t t e r i n g  c r o s s  s e c t io n ,  Jo n es C17-1) f o r  o b liq u e  
in c id e n c e  (^  < 0^ < tc) . At " g ra z in g  in c id e n c e "  (6 = it o r 
u '/2 ) th e  e x p re s s io n  o b ta in e d  f o r  th e  t o t a l  s c a t t e r i n g  c ro s s  
s e c t io n  a t  o b liq u e  in c id e n c e  becomes i n f i n i t e ,  i n d ic a t i n g  
t h a t  th e  m ethod u se d  to  o b ta in  th e  t o t a l  s c a t t e r i n g  c ro s s  
s e c t io n  i s  no lo n g e r  v a l i d .  We d e fe r  t h i s  s i t u a t i o n  to  th e  
n e x t  c h a p te r  w here th e  t o t a l  s c a t t e r i n g  c ro s s  s e c t io n  a t  
g ra z in g  in c id e n c e  i s  o b ta in e d  b y  an a l t e r n a t i v e  m ethod.
To o b ta in  th e  d i f f r a c t e d  f a r  f i e l d  we s h a l l  need  to  u se  
th e  r e s u l t s  o f  c h a p te r  1 i n  c o n ju n c tio n  w ith  K e l l e r ’ s th e o r y  
o f g e o m e tr ic a l  d i f f r a c t i o n  [ 1 8 ] .  S in ce  th e  s c a t t e r e r  h a s  
more th a n  one c o rn e r  th e  e f f e c t  o f  m u lt ip le  d i f f r a c t i o n s  w i l l  
have  to  be  c o n s id e re d , and th u s  an o u t l in e  o f K e l l e r 's  th e o ry  
w i l l  be  g iv en  w ith  r e le v a n c e  to  th e  probleDi u n d er 
c o n s id e r a t io n .
K e l l e r 's  g e o m e tr ic a l  th e o r y  o f d i f f r a c t i o n  and m u l t ip le
d i f f r a c t i o n
A ccord ing  to  K e l l e r 's  g e o m e tr ic a l  th e o ry  o f  d i f f r a c t i o n  
th e  d i f f r a c t e d  f i e l d  u^^(P) a t  a  p o in t  P i s  e q u a l to  th e  sum 
o f  th e  f i e l d s  on a l l  r a y s  th ro u g h  P;
4 2 .
u ,( P )  = t  u . ( P )  o ( 2 .2 )r a y s  ^
H ere u .( ? )  i s  th e  d i f f r a c t e d  f i e l d  on th e  j  such r a y ,  and d
i f  t h i s  i s  an  m -fo ld  d i f f r a c t e d  r a y  th e n
where k (=  2 n /7 0  i s  th e  p ro p a g a tio n  c o n s ta n t ,  s .  th e  a rcu
le n g th  a lo n g  th e  r a y ,  and th e  f u n c t io n  A. depends on th ejii
geom etry  and m a te r i a l  o f th e  d i f f r a c t i n g  o b je c t .  F o r a 
r e c ta n g u la r  c y l in d e r  a l l  th e  d i f f r a c t e d  r a y s  a re  p ro d u ced  by  
wedges o f 90° a n g le .  Hence th e  in c lu s io n  o f h ig h e r  
A. (n  = 1 , 2 , . . . . . )  i n  th e  ex p an sio n  (2*3) in v o lv e s  th eJll
u se  o f  more te rm s i n  th e  a sy m p to tic  s o lu t io n  o f  th e  wedge
d i f f r a c t i o n  p ro b lem . The c a l c u l a t i o n  o f th e  d i f f r a c t i o n ....
c o e f f i c i e n t s  c o rre sp o n d in g  to  th e s e  h ig h e r - o r d e r  te rm s  
n e c e s s i t a t e s  th e  s o lu t io n  o f th e  wedge prob lem  f o r  n o n p la n e — 
wave in c id e n c e .  However, a s  i s  shown in  th e  work o f Z i t r o n  
and Karp Cl9'J, th e  r e l e v a n t  n o n p lan e  waves a re  e ^ îp re s s ib le  
i n  te rm s o f l i n e a r  co m b in a tio n s  o f p la n e  waves and t h e i r  
d e r i v a t i v e s .  Thus th e  d i f f r a c t i o n  c o e f f i c i e n t s  a re  e a s i l y  
fo u n d ; and th e r e f o r e  i t  i s  p o s s ib le  to  c a l c u l a t e  th e  o f f  
shadow f a r  f i e l d s  c o rre sp o n d in g  to  wedge e x c i t a t i o n s  w hich 
a re  n o t  shadow b o u n d ary  f i e l d s .  In  o rd e r  to  c a l c u l a t e  
d i f f r a c t i o n  c o e f f i c i e n t s  c o rre sp o n d in g  to  shadow boundary  
f i e l d s  we show t h a t  th e s e  f i e l d s  to o  a re  e x p r e s s ib le  in  te rm s 
o f p la n e  waves and t h e i r  d e r iv a h iv e s .
4 $ ,
Prom ( 1 . 43) ,  w here D (8 ,8  ) i s  g iv en  b y  ( 1 .4 6 ) ,  a p p ly in g  
a  fo rm u la  due to  Z i t r o n  and Earp [19 ] ,  we o b ta in  th e  f i e l d  
on an.d n e a r  to  th e  r a y  d e te rm in e d  by  th e  p o in t  
More p r e c i s e l y ,  we o b ta in  th e  a sy m p to tic  ex p an sio n  o f th e
d i f f r a c t e d  f i e l d ,  u .(B . ; P ^ ) , a t  any p o in t  == 
th e  ne ighbou rhood  o f th e  p o in t  P*. , see  f ig u r e  2 .
ui
ta n
r  D(8
where
44',
and p CIi)
(2 i lc )"
^ik( Ç co s   ^ -  r\ s in  \|i) ( 2 .5 )
I t  w i l l  be  n o t ic e d  t h a t  (2.4-) i s  e x p re sse d  in  te rm s o f  p (o )  
and d e r iv a t iv e s  o f p ( o ) ,  where p ($ )  i s  a plane wave e x p re s s io n , 
S in c e  ( 2 .4 ) ,  w hich may be c o n tin u e d  to  any d e s i r e d  o rd e r  o f 
— iT^is l i n e a r  i n  p ( \0  and i t s  d e r iv a t iv e s  the f i e l d s  r e s u l t i n g  
from  s u c c e s s iv e  i n t e r a c t i o n s  a re  r e a d i l y  derived. Ih u s  th e  
expression f o r  th e  d i f f r a c t e d  field when an i n c id e n t  plan.e 
wave s t r i k e s  and th e  r e s u l t i n g  d i f f r a c t e d  f i e l d ,  g iv e n  by
(2.4), h i t s  th e  second  wedge Eg, see  figure 3, i s  given b y
u^(B g ,E ^ ,E g)
ik r^  r,
’1. "(2ik)"-^u^(B g ; E g)D (8^g ,8^]^)-(ik )""^u^(B g ; Eg)DQ(8]^g,8^]^)
12
r 12 -I- O C C k r ^ g ) " " ^ ] (2 .6)
In  e x p re s s io n  ( 2 .6 ) ,  (^_'L2’ ®12^ sire th e  p o la r  c o o rd in a te s  o f 
Eg w ith  respect to  E^, see  f i g u r e  3; u^(Bg ; Eg) i s  given by
( 2 .4 )  w ith  the s u b s c r ip t  2 in  p la c e  o f 1 , and th e  p rim e s  on 
t h i s  f u n c t io n  i n d ic a t e  d e r i v a t i v e s  w ith  r e s p e c t  to  ± 8^g 
depending r e s p e c t iv e ly  on w h e th er o r n o t  ^ and Q^g have th e  
same o r i e n t a t i o n .
4 5 ,
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\|f and 0^2 a s  shown, above a re  m easured  from  th e  same fa c e  
E^Ep and have th e r e f o r e  th e  same o r i e n t a t i o n .
F ig u re  3
E q u a tio n  ( 2 .4 )  i s  o b ta in e d  assum ing o b liq u e  in c id e n c e .  
V/lienever th e  in o id .e n t r a y s  a r e  p a r a l l e l  to  a  s id e  ( i . e .  
when 0^^ = th e  v a lu e  o f th e  f i e l d  give.n by  ( 2 .4 )  m ust be  
d iv id e d  by  tw o. T h is  n o r m a l is a t io n  i s  due t o  th e  c o a le s c in g  
o f  th e  in c id e n t  and r e f l e c t e d  f i e l d  a t  t h i s  a n g le  o f 
in c id e n c e .
The e x p re s s io n s  (2 .4 )  and ( 2 .6 )  have b een  o b ta in e d  u n d e r 
th e  a ssu m p tio n  t h a t  th e  p o le s  o f th e  in te g ra n d  do n o t  r e s id e  
n e a r  to  th e  sa d d le  p o in t  in  th e  i n t e g r a l  ( 1 .5 3 ) « As a 
r e s u l t  th e s e  e x p re s s io n s  a r e  n o t  v a l id  n e a r  to  th e  shadow o r  
s p e c u la r  b o u n d a r ie s ,  see  f i g u r e  4 , in d ee d  th e  e x p re ss io n 's
( 2 .4 )  and ( 2 .6 )  become i n f i n i t e l y  l a r g e  n e a r  th e s e  b o u n d a rie s ,
46 ,
speciils j?  bom adarie ;
shadow b o u n d a r ie s
£t
\
/
X
s p e c u la r  b o u n d a r ie sL-
F ig u re  4
To d e te rm in e  th e  f i e l d  n e a r  tp  th e  above m en tio n ed  b o u n d a r ie s  
i t  i s  n e c e s s a ry  to  u se  th e  a sy m p to tic  e x p an s io n s  (1 .9 7 )  to  
( l . lO O ) ;  and i n  o rd e r  to  a cc o u n t f o r  th e  e f f e c t s  o f  m u l t ip le  
d i f f r a c t i o n  th e s e  r e s u l t s  m ust be  e x p re sse d  i n  te rm s o f  th e  
p la n e  wave p(\|i) -  G co s v"*! i(f)  ^ i t s  d e r i v a t i v e s .  
Thus in tr o d u c in g  th e  c o o rd in a te  system
b ~ t a n  ^ ? P “ C (r+ ç)^  -i- ^ ( 2 .7 )
.V
r
F ig u re  5
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w here 5 i s  d e f in e d  a s  b e in g  p o s i t i v e  f o r  th e  s i t u a t i o n  shown 
i n  f i g u r e  5, th e  a sy m p to tic  e x p re s s io n s  (1 .9 ? )  to  (Id O O ) 
become
i(& )
( k r ) ^
D'
J ( 6 )
o  f k r r ' ^
s f p L 4V 2k7 z
3 & ^ I ii-K
( 2 . 8 )
8 - n
e  "i-
iJ^Tf /4({ J
I  <D £ ,
( 2 .9 )
I (^ ± 6 )  = qr 4 -£ iâ 2 iS ic o l" Ÿ
S ^ r k P  L jr-sCv?.^ S
r I -Î- ^  co%ec 4^ 9  3
12
4 0  [  . (2.10)
48,
J(*6Ô) .cosec ±  -h
12 V âr(k A %
(2.11)
E x p re ss in g  th e  above fo rm u la e  i n  te rm s o f th e  p la n e  wave 
f u n c t io n  p (^ )  g iv e s  f o r  p > 0
-  s®  Æ [  Kw + t>"i:o)]
^ y r  I Æ E P  (kr)%
1 ( 6 ) =
n L j? (o) z e
o' Ikr  
J (6 )  = ^  ^
4  (k
.( >'(.) -!- O C ( k d 9  ^
(2 .12)
5 e CVcf j<(o)
8b.^
.
2  0 8 \f%"
J (^16) B i d L d — coSsJi: +  O C fk rX ^ )
|3- ÆÏP d rX *
(2 . 13)
(2 .14)
I ( t& 6 )  = f\/oJ 12.
3  J% nrL r'
q: c-o&ec ®±
3
6 b r
5 i . . i 5 l _ _  c«fci pfo) f  o ( ( k r d )  
i a j 2 ? ( k X  3
(2.15)
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where
p (o )  = , p ’ (o ) = -  ik p e^ ^ ^  ; p ” (o ) = -  (k^T ^+ikS)e^^S
p ’*(iï) " (ikS «k^pp )e^^S  s p " (o )  = (-^k^p^+ ikp+ ik^p^)e^^^^ «
The e x p re s s io n s  (2 .1 2 )  to  (2 o l5 )  w i l l  he  r e q u i r e d  in  th e  n e x t  
c h a p te r  and th e  dom inant te rm s  o f (2 .8 )  to  (2 .1 1 )  w i l l  be  
r e q u i r e d  when d e a l in g  w ith  th e  f i e l d  n e a r  th e  shadow o r  
s p e c u la r  b o u n d a r ie s .
D i f f r a c te d  f i e l d  f o r  o b liq u e  in c id e n c e
We now d e r iv e  th e  f a r  f i e l d  e x p re s s io n  f o r  th e  d i f f r a c t e d  
f i e l d  i n  a l l  r e g io n s  a round  th e  c y l in d e r  f o r  o b liq u e  in c id e n c e  
e x c e p t in  c e r t a i n  s p e c i f i e d  d i r e c t i o n s .  To o b ta in  th e  
r e s u l t s  i n  te rm s  o f th e  c o o rd in a te s  ( r , 8 )  o f  th e  o b s e rv a t io n  
p o in t  P we u se  a sy m p to tic  a p p ro x im a tio n s  to  th e  le n g th  and th e  
a n g le s  o f  th e  v a r io u s  r a y s  from  th e  edges o f th e  r e c ta n g le  to  
t h e ’ o b s e rv a t io n  p o in t  p ( r , 0 ) .
Prom f ig u r e  6 on a p p ly in g  th e  c o s in e  r u l e  we g e t  f o r
l a r g e  r /P
I=c,
X.
F ig u re  6
r . r  0 0 8  G c o s  (3 -  s i n  0 s in  p f  0(r~' )
$0 .
b u t  f  co s p and- ^ s in  p, where x:^ and y . a re  th e
c o o rd in a te s  o f th e  p o in t  on th e  c y l in d e r .  Hence
Tj = r  X. co s  8 -  y . s in  8 . (2 .1 6 )
Tl'ie d i f f r a c t e d  r a y s  b e in g  d e a l t  w ith  a re  th o s e  from  th e  
c o rn e r s  o f  th e  r e c ta n g le  E^(= r ^ ) ,  Eg(= r ^ ) ,  E%(= r ^ )  and 
80 t h a t
r^  = r  '}* a  co s 0 •{• b s in  0 *i- 0 ( r '“^ ) ,
(2 ,1 7 )
rg  = r  "  a  c o s  6 -i- b s in  0 0 ( r " ^ )  ,
r ?  = r  -  a  co s 0 -  b s in  0 + 0(r*™^) ,
^4  ~ r  + a co s  0 r  b s in  0 4- 0(r""^) .
I <
The a n g le s  o f th e  v a r io u s  r a y s  from  th e  c o rn e r s  o f th e
r e c ta n g le  t o  th e  o b s e rv a t io n  p o in t  P , E^(= 6 ^ ) ,  ^ ^ (^  Og), ....
E^(= 8%), and E^(= 0 ^ ) ,  a re  m easured  a s  shown i n  f i g u r e  7> 
and f o r  l a r g e  r  a re  a sy m p to tic  to  :
0^ 0 , (mod 2m) ,
0g ^  -  0 , (mod 2m) ,
m ,  \ ' (2 .1 8 )8% ^  + 0 , (mod 2m) ,
8^ 0 $ (mod 2m) .
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F ig u re  7
In  f i g u r e  7 3?^  i s  a  broken, l i n e  b ecau se  w here P i s  d e p ic te d  
no d i f f r a c t e d  r a y s  come from  c o rn e r
We s h a l l  now c a l c u l a t e  th e  m u l t i p ly - d i f f r a c t e d  f i e l d s  
a t  th e  c o rn e r s  o f  th e  r e c ta n g le  b y  means o f fo rm u lae  ( 2 .4 )  
and ( 2 . 5 ) .  A n  n - tu p ly  d i f f r a c t e d  f i e l d  a t  th e  c o rn e r  E '
( s  = 1 , 2 , 5 , 4 ) w i l l  be  d e n o te d  by  u^(E  ) .  The n o t a t i o n '  
h (o )  and v (o )  w i l l  be  u se d  in  p la c e  o f p ( o ) ,  g iv en  in  ( 2 .4 ) ,  
to  d i s t in g u i s h  be tw een  p la n e  waves s t r i k i n g  th e  same c o rn e r  
on t h e .h o r i z o n t a l  o r  v e r t i c a l  s id e  r e s p e c t iv e ly ,  see  
f i g u r e  8 .
h(o)------------------- ÿ..
A
F ig u re  8
71‘F o r ^  < 8 ^ < m, i s  in  th e  shadow, and th e  o n ly  s in g ly
52
d i f f r a c t e d  r a y  re a c h in g  i s  p roduced  by  th e  in c id e n t  f i e l d  
s t r i k i n g  see  f i g u r e  9» Thus from  th e  e x p re s s io n  ( 2 .4 )
o.2ak r
u ^  ( I L  )  =  t y  ^  . ^ ( o  ^  B o )  l i ( o )
Vzk I
(z ik y 'l^ '(o )  .D ( 'o ^ .4 )  -  C k f  hCo)b‘'Vo^> riTii ■¥■ ■■I.. I - -   - f .  -_____   _   _   . ' .
Z<X-
-I- 0 [C 2 M < ^)d  1  ,
(2 .1 9 )
w hich , b ecau se  o f (1 .4 8 )  to  (1 .5 2 )  re d u c e s  to
■ iI a. b. \ (~ I > slU (Ez) g. De ( 4  3Tr„0o)| K(p)
ik  ( z a . f -  ^  ^ CoS^b
(2 . 20)
Tb.e ■ s in g ly  d i f f r a c t e d  f i e l d s  a t  th e  th r e e  re m a in in g  c o rn e r s  
a re  o b ta in e d  in  a - - s im ila r  m anner, and a re  g iv e n  by
U l(E g) = _ H i ( £ , ) c Pe(o. e»-ï)I K'(o) _ A HI Co'bdt
Uc f e g )  C  t>g> ( 0 ^ 7T- 0 o ) .
(2 . 21)
u ^ (E g ) c  j)e  C^j0o) ,
I K 2 L)Vi
(2 .22)
53.
a c f  £s^ e  D Ô
f s cCj"Va
U (o). K (o)
Co& Gtr
J^ j(Ê ilâ 2 — De |fo^;37r- (Pa) f  0-i'ô) _  jr^ o L - ? .v Ojf ( W T ^  
Ik L th Ÿ ^ ’" rx5s9fc ^
(2 . 23)
Doubly d i f f r a c t e d  f i e l d s  a re  p ro d u ced  when s in g ly  
d i f f r a c t e d  r a y s  a re  in c id e n t  on a c o rn e r .  These f i e l d s  can  
be  d e te rm in e d  b y  u s in g  th e  e x p re s s io n  ( 2 .6 ) .  A f te r  th e  
f i r s t  d i f f r a c t i o n  th e  r e s u l t i n g  s in g ly  d i f f r a c t e d  r a y s  w i l l  
be  in c id e n t  on th e  second  c o rn e r  a lo n g  th e  s id e s  o f  th e  
r e c t a n g u la r  c y l in d e r  and th u s  i t  i s  n e c e s s a ry  to  d iv id e  th e  
e x p re s s io n  (2 .6 )  by  tw o . In  th e  fo llo w in g  c a l c u l a t i o n s  o n ly  
te rm s  up to  th e  o rd e r  (kd)™ ^/^, where d i s  a  t y p i c a l  
d im ension  r e p r e s e n t in g  'a* o r  'b * .
The d o ub ly  d i f f r a c t e d  f i e l d  a t  th e  c o rn e r  i s  g iv e n  
b y  th e  r a y s  shown i n  f ig u r e  9 .
^2^^1^ ~ •^ d ^^ l*^1’^4 -^  ‘I* u^ (E ^ 5E ^jE ^) n-u^CE^^jE ^ jE^^ )
F ig u re  9
34-,
Thus
U p ( E ^ )  =  o )  k  ( o )
4 a.
4. . . . A l i J . ^ i )  6^ ' -BC(^ ;27r-  %)jXo^ o) iT^ o)
4b  '
( 4 - 3 )  ^  Jh  (o y v r - '& o J T > (c > , k  (o ')
//r* \  C^C^'<'^)k
irCo)-p O  [ O ^ y ^ l
W  "  ^2.2^0
and from  th e  e x p re s s io n  (1.4-8) th e  above e x p re s s io n  re d u c e s  
to
• U2(E3_) = 0 ( a " 5 /2 )  .
S im i la r ly  i t  can  be  shown t h a t  th e  second o rd e r  d i f f r a c t e d  
f i e l d  a t  th e  o th e r  c o rn e r s  i s  0 (d ~ ^ /^ ) ,  and th u s
u „ (E .)  r= 0 (d ‘“5 /2 )   ^ j  = 1 , 2 , 3 , 4 .^ ti
Hence up to  0(d"”^ '^^) th e  f i r s t  o rd e r  d i f f r a c t e d  f i e l d  g iv e s  
th e  f i e l d  a t  each  c o rn e r  o f th e  c y l in d e r .  The above m ethod 
can  o f  c o u rse  be  e x te n d e d , e n a b lin g  one to  d e te rm in e  th e  
f i e l d  a t  any c o rn e r  to  any d e s i r e d  o rd e r  o f  a c c u ra c y .
However t h i s  in v o lv e s  much more w ork, s in c e  th e  m u l t i p l i c i t y  
o f  r a y s  a s  th e y  t r a v e l  ro im d th e  f a c e s  o f th e  c y l in d e r  
r e q u i r e s  one to  d e a l  w ith  p r o t r a c t e d  e x p re s s io n s .  We w i l l  
o n ly  c o n s id e r  te rm s up to  0 (d""^^^).
Eg i s  u(E g) = u^(E g) + u^ (E g ) + OCkd) ,
(2 .25)
55 .
In  o rd e r  to  f i n d  th e  t o t a l  f i e l d  a t  th e  edges we m ust
add  th e  in c id e n t  f i e l d  a t  th o s e  edges w hich a re  i l lu m in a te d
b y  the in c id e n t  f i e l d .  l l iu s  th e  t o t a l  f i e l d  u (E .)  a t  
c o rn e r
i s  u ( E ^ )  =  + U j ( E . ^ ^ )  -i-OC(fcd)~^/^] ,
5/2;
E ,  i s  u ( E j )  =  u ^ ( E j )  + U j ^ ( E j ) - I - 0 [ ( k d ) " ^ /^ ]  ,
E^ l_ i s  u(E ^) = u.^'(E^|) + 0C (kd)“ 5 /2 ]  _
The above e x p re s s io n s  a r e  i n  te rm s  o f p la n e  waves and on 
h i t t i n g  th e  c o rn e r  a t  w hich th e y  a re  c a lc u la t e d  th e y  w i l l  
g iv e  r i s e  to  d i f f r a c t e d  r a y s  w hich we s h a l l  assume' a re
o b se rv e d  a  lo n g  way from  th e  c y l in d e r  a t  a  p o in t  P .
A cco rd ing  to  K e l l e r 's  g e o m e tr ic a l  th e o ry  o f  d i f f r a c t i o n  th e  
t o t a l  d i f f r a c t e d  f i e l d  a t  P i s  th e  sum o f th e  f i e l d s  on a l l  - 
th e  rays th ro u g h  P . Clearly f o r  0 < Q < 2n i n  certain 
r a n g e s .o f  0 some o f  th e  c o rn e r s  o f th e  c y l in d e r  w i l l  p ro d u ce  
no d i f f r a c t e d  r a y s  a t  P« Hence we w i l l  c o n s id e r  s p e c i f i c  
ra n g e s  o f  0 .
F o r 0 < 0 < ^  th e  f i r s t  o rd e r  d i f f r a c t e d  f i e l d s  a t  P
a re  p ro d u ced  by  th e  i n c id e n t  f i e l d  d i f f r a c t e d  b y  th e  c o rn e r s
Eg and E ^. •
U , ( P )  =
(2 . 26)
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T h is  e x p re s s io n  a b o v e  i s  v a l i d  p ro v id e d  t h a t  th e  p o in t  P
i s  n o t  n e a r  to  th e  s p e c u la r  d i r e c t i o n  0 = in  w hich
c a se  th e  d i f f r a c t i o n  c o e f f i c i e n t s  become i n f i n i t e .  The 
second  o rd e r  d i f f r a c t i o n  c o n t r ib u t io n  a t  P , from  th e  c o rn e r s  
Eg) and i s
i k i i U i(£ )  & 3) 0 ( 0 , ®0-s')|^3>0^(irH’9^o) — 7.
lk{ZAŸ^ tos ©b J
-I- iU(e3).&y.' % ja e, o) h  of (k-ù'^ y
£-nÇ,St~
ibf. 'a UEz)S - —  b e  ( o /o )  I (9+2-, o) _  h(ei--> 7^,o) 7 ^  o [ C k 4 ) '^ ‘(] I
{k(zkT^^ k J ~ J
Ô k i \
’iL/a r
( £ , )  e" Da(o^2Tr._&) I ^
W / . \3A t
4.  o [ { k 4 ) - ^ A 4- o [  r . ( 2 . 27)
C o n v e rtin g  th e  above e x p re s s io n  in to  te rm s in v o lv in g  r ,  0 
and 0^5 and n o t in g  t h a t
u^(P) = U-j^ (P) -!- Up(P) ,
D(oC,0) 0 0 ,
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i k ( a  s i n  co s 6 )Ui(E.|_) .  è °  °  , u^CEg) = e • ik (a  s in  0 «b co s  9^)
■Ui(E^) « e d k ( a  s i n  8_+b co s  8_)o , g iv e s
F o r  0 < 0 < %/2, and 0 /  8 -  n / 2
u ^ (P )
é>*!'5ihOe>) b (cos f.- aCsù^(?o4-d<55^)~ b ( ^  Pa -i'S^ A-x&yJ
f  ^  D ( z t
2 l k
ck[f(. (z-i- Sü\Ba-c*s^) 4 i>((U)s0^ 4 stK0)3
(2,1 f''*
D s ( OjTT- Æ) D&(%- p; 0 ) e
k[- OL (sikOo-J- COS 9) b (z-(.os 9o*i'.SCu.0)3
(2Ü%
i fe [- «■ (sû, B, +a,s8)-t- b (2,+cos So-iiVel ']
lk[ %,(%- SùaBo 4 -  b ( los%4 &lk8)]
4. I > 6 ( 0 ' &■!■'%) &0»(^,o) 6
4 t>g(o,aTT-g,)ûe.(|^-g, o) e 
(2 \>fh
tk Ub -^CosG)-^  k (2-i' (fsQ,—sù/\0^ -
• (2 .2 8 )
The e x p re s s io n s  f o r  th e  d i f f r a c t i o n  c o e f f i c i e n t s  i n  (2 .2 8 )
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a re  g iv e n  by  (1*46) to  (1*50) * By an an a lo g o u s p ro c e d u re  
we o b ta in  f o r  th e  re m a in in g  q u ad ran ts*
For n / 2  < Q < n  and 0 /  p n /2  -  0^
u ^ (P )
I lie f 0 ) -  Î, k^a. ( s  LKDc 4 (x?5 6>) I- b
0 3b(TÎ/^ -{> 0  ^T f " - 3 . H * —
2 i k
0 kl“ (t (sîuv0a4-CoS ©) 4-lj( 1-t- CoS0o“ 2
-i- 3>6(o ) P°->-ir4) 1)8. (8 ,0 ) 6
ik[p(.(2-sùw,fto4Cos©')" ii(tQs6j^-î-5Ci\6)3
+■ (o ,2.T- 9i,) f e , o )  £
+  n @ ( c ,  fe ) (any- 9 ^^@ )  e '
ihljz (suk9o -J- C8^ >@) '{-ij(^ Z'f-'dos0’o •«'3 h\.9^ 2i
,klj-^ (?L'"rStK-^o-l” CoSiQ) -4- b  (  ^ 5 0 0  ^ 3
4 , o [  cuy-^d 7 -V o [ ( i ^ y ' ^ J ,
(2 .2 9 )
For 7t < 0 < 3rt/2 and 8 /  6 + n / 2
u ^ (P )  ■ g
V F
'  Ckï«.Csueo4*os0)+bC<^ ieowci.e) ik,i-a(sci„e.+c»s®)^ f-i!Ct»s6.;i-S‘"®3 ' 
g  î ) ( s i r - 8  ^ e„-% )  +  g ± ) ( e - w , ^ . ‘ '
59.
t k [a (2 “• 5ua + CoS 0} 4- b (co5 6*0 •*V'.SC»/v0) 21
a. D e ( o ,% - ""%) I>8o (0-TT| o) e. 
] ) G ( o , T - e J P & C o )  e
6 Iz Jj^(2. l~Si’^\ CoS^ 'l-L (c^sO^-{-5cv\G^ 2]
L kjj- A.(sCc%9o4-Coj 6>)-V' b>(a -c^osOo-i'S.Cwë^
( n ) %
-V- ^6 (  o. %-f% ).b B„ ( 6, o) g
( 2 a . )
+  I>9 ( Q, 3 T -fe ) Da„ ( 3’'% -g , P ) t
(iby/2^
tklcL(,Swa.9{5-Î-Ctf50)4- b sô'o — S im.B-1-P^J
+  6 1  ( l u ) - ^ g  (  4- O  L(l«r) ^21 (2 .'30)
For 3Tc/2 < 0 < 2%
det l^
u ^ (P )
\ IF
tk[q ($U%-\- Cc.S0)-fb(coS0otSLbG)3 (siK^ >o-{-g<?ie)-i'b(coseo*^ 5uA95j
^  I b ( i i r - 0'; ^o“T/2.) • 4. 0  I ) ( 9-Tr %]T _
th(~Cl (sma.6ç 4-<:o.sG^— b(coS9o4-SCv\.D)
4* 0/ ( 9 -  3^T % ir~ ^o% ^ i
Zi/k
D e (oj 3îi/^- fio) De, (^yr^Oj 0) £  ^_.
/ 6 0 .
-}~ J^0o q) 0
(2 a )
L b | j - ) 4- b (z-co&Gc,4-^ 1^ 0321 
I b &  (  Oj IT- Deo ('-% '' ^) ^ )  -C
(% b )^
(SiLt  ^4» Cos^) 4'-1)(_24* goS0c>~ sCk0)21
4  ( °/ 9 o j^)9o 9—%, ) o) C
o l (ur /^z] I 4 . oIT
( 2 . 31)
The f i r s t  o rd e r  d i f f r a c t e d  f i e l d  i s  now d e te rm in e d  f o r  
p o i n t s  c lo s e  to  th e  s p e c u la r  and sb.adow b o u n d a r ie s ,  f o r  
o b l iq u e  iu ic id en c e . These e x p re s s io n s  w i l l  r e p la c e  th e  
f i r s t  sq u a re  b r a c k e t s  o f  th e  e x p re s s io n s  (2 .2 8 )  to  ( 2 . 3I ) , . 
w hich  become I n f i n i t e  on th e s e  b o u n d a rie s*  From th e  
e x p re s s io n  f o r  th e  f i e l d  a lo n g  th e  shadow bou n d ary  th e  t o t a l  
s c a t t e r i n g  c ro s s  s e c t io n  can  be  o b ta in ed *
D i f f r a c te d  f i e l d  n e a r  th e  s p e c u la r  b o u n d a r ie s
C o n sid e r th e  s i t u a t i o n  w here th e  f i e l d  a lo n g  th e  
s p e c u la r  d i r e c t i o n  0 = 0 ^ ~ 7 i/2 ,  n / 2  < 0^ < ti i s  r e q u i r e d .
We m ust d i s t i n g u i s h  h e re  be tw een  two c a s e s ,  ( i ) ,  ( i i ) , 
d ep en d in g  on w h e th er o r  n o t  th e  o b s e rv a t io n  p o in t  P i s  in  
th e  g e o m e tr ic a l  o p t i c s  r e f l e c t i o n  zone, see  f i g u r e  10 and 
f i g u r e  11.
6 1
2h
El
2a r HI
c a se  ( i )  
F ig u re  10
2b
/  ■ /
E*p
.. 'j&z^ ïîc,-% /
E, ÏÏ7. "Z CL
c a se  ( i i )  
F ig u re  11
\  ^  
MI
c a se  ( i )  0 ^ 'n;/2 < ta li'""  b /a
6 2
The d i f f r a c t e d  f i e l d  from  th e  c o rn e r  Eg due to  th e  
in c id e n t  p la n e  wave, i s  g iv e n , w ith  th e  geom etry  o f f i g u r e  
12 , and fo rm u lae  (1*58) and (1*61) by
u (P )  = u ^ (E g ) [ -  1 ( 211- e e ^  + ôg) + I (=  20^ + 6g) + I ( -  % + 6g)
l ( ô g )  '=• J(27T '«* 20^ "I- ôg) J(20Q 6p) *»'" 1 ('«» 7c •»'* ôg) CT(ôg)] *
(2 . 32)
7 ’>
ar_ 6.
6g 'show n i s  p o s i t i v e ,  and th e  c o o rd in a te  o f  P w ith  r e s p e c t  
t o  f a c e  E^Eg i s  P = P (p g , ^  + 8^ « 6g) *
F ig u re  12
U sing th e  a sy m p to tic  fo rm u lae  (2*18) to  (2 * 1 1 ), (2*32) becom es 
a sy m p to tic  t o ;
2afe {e £Ùa 4" CoS j
C o s d t  sliA0i,
1  4. e
1 + o K k r f - ]
iZ-VJrHT (2 .3 3 )
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w here th e  fo l lo w in g  r e l a t i o n s  have  b een  used .
l ? ( l f  - i . 3 r  ... fc )  ^  Sin,fe . fX f 2. ^
CoS ^/7 ”~ SU4,0O
S im i la r ly  f o r  th e  d i f f r a c t e d  r a y s  from  th e  c o rn e r  E%, u s in g
th e  geom etry  o f f i g u r e  13 g iv e s
. 1u (P )
ifer”- IZcskstKÉ!, _^  J I t  ^  ^
CoS^t ™ I^A'kQoI
S3k £ ,  [  I +
IW J^,
3v/2vrk
. _L_4 — 1
i^- ^ rZrrkT^ ''2. (2 .3 4 )
3^
E'l Er. ^ j^=ir-0o
ra
- .- r  p?i
 • p -
6% shown i s  p o s i t i v e ,  and th e  c o o rd in a te  o f P w ith  
t o  f a c e  EgE^ i s  P (p ^ , 8 ^ -  0%) .
F ig u re  13
Thus th e  f i e l d  a t  a  p o in t  P in s id e  th e  g e o m e tr ic a l  r e f l e c t i o n  
zone, see  f i g u r e  1 4 , i s  g iv e n  by  th e  sum o f  th e  c o n t r ib u t io n
64.
from  c o rn e r  Eg Gind E=.. Adding e x p re s s io n s  (2*33) and (2 ,3 4 )
to g e th e r  g iv e s ,
U(P) sa 6 K« d 2kk<;m0ô 2 C ^  . j X
4 111' kf B'/iîrl^r Vs i
\ CoS0{.“- S*Uvl9o J J2|TÆF^ ^
(2 ,3 5 )
Eih Es
£1
h(9o-% : ' ....rz
WÙ 'n-.
4 h s in  6q -i- a  co s  0^
'0^ = 1) s in  0^ -  a  c o s  0^
6% > 0 ,  6g < 0
F ig u re  14
R e p la c in g  th e  f i r s t  sq u a re  b r a c k e t  o f th e  e x p re s s io n  
0  b y  (2 ,3 5 )  and r e p la c in g  0 
p a r t  o f  th e  e x p re s s io n  we o b ta in  :
(2 .2 8 ) , 35 b y  0^ •n:/2 i n  th e  re m a in in g
6 5 .
F o r 6 aa and ^  < 0^ < u’, where 0^ -  < ta n ^ ^ h /a&SMÏ w:» MS»* At o^ts; tvr. « u
U (P ) S3 /  5Ù\ fio j. 60S Ê
\ Cos9(, „ 5iX^ <
, bH- t 2clksîvv0o
+  :ÈL-. 
i P
f  „t2aksâA0o'-‘'^ V*h
t
\f%n% U
 Ijz  k WLKGo / -p:z -H-J&ZZ---^ 2^  1 ^ VV'â )3
X
y LA^Go +COS0  ^ I 4- _L^ B| (% ;1T - %) -  È, 
\CoSO(;--' Si^xbo I ^
J2a k Ule [~ a sù^% -4-b (i ~ c*s8,)]
-----------g------ ^€Lj38(o^T^gjD6.,(Tr-.%^o)
2i k [ (2bf4
-l-k(n-ü,6e«) J  ^2li[aStu,A.4-bC(-l-to£eo)l
- j - _ ê  D e (.0 ^ 8 ,)  (& o j  o )  ^  & D s ^O ) % t r - % ) T > % ( i v - o ' )
, (ab)^=.-
C2fl.kÊ ^o+%)De. o )
(2oO^
4. O fC M ïif7  +  ( 2 . 36)
F o r c a se  ( i i )  w here 0 ^ - ^  > tan^" b / a  th e  e x p re s s io n  f o r  t h e '  
f a r  f i e l d  i s  th e  same a s  above e x ce p t f o r  th e  f i r s t  te rm  
( r e f l e c t e d  ivave) w hich  i s  n o t  in c lu d ed *
By symmetry we can  o b ta in  th e  f a r  f i e l d  i n  th e  re m a in in g  
s p e c u la r  d i r e c t i o n  0 = O ^ + ' ^ b y  in te rc h a n g in g  ’ a ’ and ‘b* and 
s u b s t i t u t i n g  0^ f o r  0^ i n  th e  e x p re s s io n  (2 .3 6 )*  As 
b e fo r e  væ have to  c o n s id e r  two s i t u a t i o n s  d epend ing  on 
w h e th e r th e  p o in t  P i s  in s id e  o r  o u ts id e  th e  g e o m e tr ic a l  
o p t i c s  r e f l e c t i o n  zo n e , see  f i g u r e  15» These s i t u a t i o n s  
c o rre sp o n d  t o  8^ -  ^  ^  t a n “ 4 / a .
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F o r 0 -  0^ and ^  < 6^ < it, w here 0^ > tan™ '^b/aTt
■u.(P) *" (  '"’
oos% •{" cas $0
(,/i (^ t^-h^hcosSçi}
g
f F
kùosQ,-'^'^
^  //'..<- Zkacos0t
V2TTf& 3 W b k< <(aS /■/•0O ^
CoS
CoS 0/r 4 CoS R)
I- r  [ B, ( ^ - B c )  6 o -T ^_  B , ( a i r - @ o ) ]
2 l k
^  (Zbk 6^ .b 1^ (\ (l-5-Sùv9bVi'kcoS^ o*J
&------ ))e('Oi'"'-^A-bfl (arr-gojols- & Ja& (o, 00-1'/^)5s, (%-'%; o j
sCk©o) 4 k Cos Gc3 (;zk[ <x( f-s tv^ 0ô) -  k
+  €  5 g(0jâ-rr/,-g») Da, (&_&^ 0) 4- C -P eC o . % ik)D % C % _+P.,q)
(ZcO^ (20^''=-
+  C  J b e ( o  2 r - 0 „ )  b  0^ ( t -  B . ^ 4 - o[(w ) .11 4 . oL
(2 .37)
F o r Gg - g  < t a n  b / a  th e  e x p re s s io n  f o r  th e  f a r  f i e l d  i s  
e x a c t ly  th e  same a s  (2*37) w ith  th e  f i r s t  te rra  ( r e f l e c t e d  
wave) dropped*
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F ig u re  15
Forw ard d i f f r a c t ed f i e l d
ÎDo o b ta in  th e  t o t a l  s c a t t e r i n g  c ro s s  s e c t io n  f o r  
o b l iq u e  in c id e n c e  we n eed  to  d e te rm in e  th e  d i f f r a c t e d  f a r  
f i e l d  i n  th e  shadow o f  th e  c y l in d e r ,  when 0’ ~ see
f i g u r e  1 6 o
r  If
6 8  o
The le a d in g  te rm  in  th e  sq u a re  b r a c k e t  in  th e  e x p re s s io n  
( 2 .2 9 )  becom es i n f i n i t e  when, th e  o b s e rv a t io n  p o in t  P i s  a lo n g  
t h i s  r a y .  In  o rd e r  to  c a l c u l a t e  t h i s  f i r s t  o rd e r  d i f f r a c t i o n  
te rm , i t  i s  n e c e s s a ry  to  u se  th e  a sy m p to tic  e x p re s s io n s  w hich 
ta k e  i n to  a cc o u n t th e  s i t u a t i o n  where g e o m e tr ic a l  o p t ic  p o le s  
ap p ro ach  th e  sa d d le  p o i n t . The fo rw a rd  f a r  f i e l d  due to  th e  
s c a t t e r i n g  o f  th e  i n c id e n t  p la n e  wave b y  th e  c o rn e r  .E^ i s  
g iv e n , u s in g  th e  c o n v e n tio n  s h o w  i n  f ig u r e  17 by
u (P ) = U i(E])[™  K ô i )  + + = I(2%™ 28_ + ÔT)Mr o " "1'
•{• I(ïc -  20q -i* 62.) I' 6] ) + J (ô ^ )  1(2tc -  20^ %*• 6^)
<I(tc ■=’ 20^ 6 ^ )] (2 . 38)
w here we have u se d  fo rm u la e  (1 .5 8 )  and ( 1 .6 1 ) .  S u b s t i t u t in g  
th e  a sy m p to tic  e x p a n s io n s  (2 .  8) to  (2 .1 1 )  i n to  (2 .3 8 )  g iv e s
ÎD('n”‘-0oj LScji/vdiC
\f3rhrT
Ib (‘TT-Qq, Zir- 0o) C C atlT /^
3  sT S ïrkP ^
Ti (^o) 6
3  JSrXPT^
Cot 2. Cot3
_  3 Bo' (Tr-So,
4  'f l r r k f 'P (2 .5 9 )
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U sing th e  r e s u l t s
ikC r+S^) _ ik r= e J D ( tc- 0 ç^? 27î - 0 ^ )  = 1
g iv e s
u^CPX I k re ^^ va<Si| . 1 ) hf/u.f  ^ _ L +
L v .2 ïrk r SJaV kP ii <ciosH'0o IL -T  -J
3  j  (rr« O [( ,
(2 .4 0 )
0^1 = Zrr-^ o^
6^ i s  p o s i t i v e  a s  shown.
F ig u re  17
The c o n t r ib u t io n  to  th e  f a r  f i e l d  by  th e  c o rn e r  E^, u s in g  
th e  geom etry  o f  f i g u r e  18 , and th e  fo rm u lae  u se d  to  d e te rm in e
70,
th e  c o n t r ib u t io n  from  i s  g iv e n  by
U ^(P)= ^
ùkr S3
Z Æ f e 7
i +  2 -T3.- I -  e
3  -Iz k ^' C 2Co5.J{-_&b 1
3
3  B j  7P» + 0 [  (ferT^ 'O .
r i t i
6^ i s  p o s i t i v e  a s  shown; and th e  c o o rd in a te  o f  P w ith  
r e s p e c t  to  th e  f a c e  i s  P (p ^ , 27U -  0^ -  6^)
F ig u re  18
A dding th e  c o n t r ib u t io n  to  th e  f a r  f i e l d  from  th e  c o rn e r s  
and f o r  an o b s e r v a t io n  p o in t  P a s  shown i n  f i g u r e  19
g iv e s
ckr^
u (P )  = 4
71
n
4*
X .{» I !â
r / '\<3 / '  ?3
/ X
|,r . P/%\
X ^ '
f \ \
%
\
.S,
-!- ^  ■ - j^Bi(ir~^y?jrr-â‘=}- &, (iir-fcj
Z s i 2 i r k  ' .
( 2 ,4 2 )
)
\ " \
A
t^/L
\ ,
- è \
\
>Wc
ni = = a  COS 6^ + b s in  0^'i G O
I a co s 8 -i* b s in  0^
\
ôn < 0 , 6% < 0
F ig u re  19
!Ehe f i r s t  te rm  o f  th e  e x p re s s io n  (2®42) r e p r e s e n t s  th e  
i n c id e n t  p la n e  wave i n  th e  d i r e c t i o n  we a re  obsenrvlngs t h a t  
i s  5
Uj - i k r  sin(0-5-0^) « ik r  s in -^ ^e () = e i k r
Thus th e  d i f f r a c t e d  f i e l d  i s  g iv en  by  u .( P )  ~ u (P ) - u .a 1
7 2
i ( k r - % /4 ) 2k(b  s i n  6 = a  co s  6^)
21 / ]
73 %4e
(B^(7î-0^92 k- 0^) -  B-j (2%-0Q,%"0Q))
iwjcaw^ sjMawffii' *» l #*, t<8-»««iag{g*a*y««crpap«iia»cgffvwrcg«î*«*^ajsuAear«aacsisîfctt:gsîW»tt*<KH->»>ai^--g*»~'g<t»iiaav>Mvsft*«^»'a»c*»otnar»m;fs it
O ' ^2 C O S  4- 1
+  0 ( l c r " 3 / 2 )  . (2.4-3)
R e p la c in g  th e  f i r s t  sq u a re  b r a c k e t  o f  th e  e x p re s s io n  (2 .2 9 )  
b y  (2 .4 $ )  and r e p la c in g  0 b y ' ^ “ 0^ç i n  th e  rem a in in g  p a r t  
o f  th e  e x p re s s io n  (2 .2 9 )  g iv e s
F or ^  < 0^ < 7t and 2 -"^o
n ^ (P ) e
VP
-
_6 2fe(bslK6o- acosiSo)^ a-P% /  i ■... ^ ______
^  C' - — j B , ('rr-- ^ 0^ av - Bo) 3» (2tt- 9-ù ^  t t -  (9») j
f  t 2bl?,(j4'C.c>s0o)
(2 b f/z
taafe(i-5i:vv0o)
(2 .4 4 )
T o ta l  s c a t t e r i n g  c r o s s  s e c t io n  f o r  l a r g e  com nlex r e f r a c t i v e
in d e x  N
We s h a l l  now d e r iv e  th e  t o t a l  s c a t t e r i n g  c r o s s  s e c t io n
, , 73 .
from  th e  e x p re s s io n  (2 .4 4 )  f o r  th e  s i t u a t i o n  when the com plex 
r e f r a c t i v e  in d e x  o f  th e  m a te r i a l  comprising th e  c y l in d e r  
( u s u a l ly  m e ta l)  5 i s  such  t h a t  (El »  1 where N sî n ( l 4 i K) ,  
is th e  complex r e f r a c t i v e  in d e x . Clearly th e  d i f f r a c t i o n  
c o e f f i c i e n t s  w hich a p p ea r  i n  ( 2 «^4) a re  o f  such  a  c o m p lic a te d  
form  t h a t  to  e x p re s s  (2.-^4) in te rm s o f  i t s  r e a l  and com plex 
components would r e s u l t  i n  a very lo n g  formula; w hich would 
b e  o f l i t t l e  u se  i n  c o m p u ta tio n . ¥ e  e x p lo i t  th e  f a c t  t h a t  
1N( »  1 and expand (2 .4 4 )  o u t  in  te rm s o f  inverse pow ers o f 
Eo To a cco m p lish  t h i s  we n o te  t h a t  s in c e
c o s  0 Ep—”   ^ and s in  0^
th e n
co s J 3 'a " 1
40sxn 2 i E > 1
(2.45)
E xpanding th e  expressions (1.49) and (1.50) i n  te rm s o f co s 0^ , 
c o s  4 0 ^ /5  and s in  4 0 ^ /5 , and th e n  s u b s t i t u t i n g  th e  e x p re s s io n s
( 2 , 45)3 f o r  th e s e  t r ig o n o m e tr ic  te rm s we o b ta in  e v e n tu a l ly
D g(O ,0„)
Dg (6 ,0 )
(2 ,4 6 )
3 3
7 4 ,
a ls o  from  a p p e n d ix l â ( i )  we o b ta in
4 i  co s 0uC-'S? •swv.ira^ÿ«i»,»5to-ï«*,'>ÿîf<î».\a«B»a,» t&WfMca (2 ,4 7 )o J X\E  '
S u b s t i t u t in g  (2 ,4 6 )  and (2 .4 7 )  i n to  (S .W )  g iv e s
i ( k r -v - /^
e _________
/ z F k ; : '
2,k^l>Sl>\0O 6o) 4 -^L;_/^„i— ^  *( ^
^  2 LosyA+t
™ ^  J E(^ ZjT~-Ûo^  fZ^^Cl'l'CU>sOo '^!'^ /^n.~l~h |tCos(?b)i'^/if_ly
Z7JF  L (khY^^
■h E i& -> -''% ^E(^'% -0^ fc ^ ^ fz k a .(  l-SCvyecV'n/^n 4is;u,£2.k«.0"3Cv^.854--ir^j3)
(tec()^4.
{ ■ Û 2 d ^
f^oh ( 7 7 ^ )
■h 2. C (Co$ 1%^ — r I^Jsf^klz (l-hCoS&o)
2 7 ^ ^  (feb)^^^
4- i SU4 [ lkL(|+Caa6«)4'R7', A lA o S  [2kcc(hsi^Û<,)-i--ïïyiJ
+  0 L ( t r ) - ' ' > ] ( 2 /IB )
w here E (0) s i n  2 6 /3  
c o s  ^3 ■''2
(2 .4 9 )
7 5 .
The t o t a l  s c a t t e r i n g  cross-» s e c t  io n  a f o r  th e  c y l in d e r  can  he 
found  b y  u s in g  th e  s c a t t e r i n g  c r o s s - s e c t io n  theorem  
Jo n es  [ 17]» A p p lied  to  th e  p r e s e n t  c a s e ,  t h i s  s t a t e s  t h a t  
i f
u ^  = u  ‘1- ,
th e n
a - k Re
4  (k r -T c /4 ) \- l  
y^îiEr / u
Thus from  (2«d-8)
o ^i( 1) S Ik ,5 o  Q, COS B o)  4 -  8
2 7 W
c.ospkiCi-sCM.e.y-'Vun 
(ko)*4
.k .
_SÙi 60)
-  ^ -Î- J j ^ B{M -  /g:,<,[2kb
C o S  \ ^ 2 k a 0 ~  S d % P  X / ( S t K £ z k c i . ( l ~ S C u . © o )  t T V i J L  i  Q /  I  \/  I \  A/^/3y
o p  ( w y ^ T » !
(2 , 50)
7 6 ,
In  the l i m i t  a s  H 4- <>o th e  above e x p re s s io n  re d u c e s  to  th e  
s c a t t e r i n g  c r o s s - s e c t i o n  f o r  a perfectly c o n d u c tin g  c y l in d e r  
w hich a g re e s  w ith  Morse [ 2 0 ] « These r e s u l t s  a re  o n ly  v a l i d  
f o r  o b liq u e  in c id e n c e  ^  < 0^ < tc. In  th e  n e x t  c h a p te r  we 
s h a l l  obtain the t o t a l  s c a t t e r i n g  cross-section f o r  th e  
s i t u a t i o n  when 0^ « n / 2  o r  %<,
, 77.
CHAPTER 3
I n  this c h a p te r  we s h a l l  o b ta in  an  e x p re s s io n  f o r  th e  
fo rw a rd  scattered f i e l d  and th e  t o t a l  s c a t t e r i n g  cross™ 
section f o r  grazing in c id e n c e ' (0 = îc o r  Tc/2). In  t h i s  c a se
th e  expressions (2 ,4 8 )  and ( 2 0.50) become i n f i n i t e  and th e  
p re v io u s  m ethods u se d  are no lo n g e r  s u i t a b l e .  The brealcdown 
i s  due to  th e  f a c t  t h a t  n e a r  th e  grazing in c id e n c e  shadow 
b o u n d a r ie s ,  w hich ru n  along th e  s id e s  o f th e  c y l in d e r  f a c e s ,  
th e  a sy m p to tic  form  o f th e  f a r  f i e l d  changes r a p i d l y  f o r  
slight a n g u la r  d e v ia t io n  from  th e s e  boundaries. In  u s in g  
th e  p la n e  wave e x p an s io n  fo rm u la  o f Z it ro n  and Karp [19 ] f o r  
th e  f a r  f i e l d  i t  was n e c e s s a r y  to  e v a lu a te  a n g u la r  
d e r i v a t i v e s  o f  th e  a sy m p to tic  e x p re s s io n s  f o r  th e  f a r  f i e l d .  
These a sy m p to tic  e x p re s s io n s  w ere o b ta in e d  b y  a s y m p to t ic a l ly  
e v a lu a t in g  th e  f i e l d  i n t e g r a l s .  The r a p id  v a r i a t i o n  o f th e  
a sy m p to tic  f i e l d  r e p r e s e n ta t io n s  p re v e n ts  th e  a n g u la r  • 
d e r i v a t i v e s  from  b e in g  c a l c u l a t e d  d i r e c t l y  from  th e  a sy m p to tic  
e x p re s s io n s ,  hence  an a l t e r n a t i v e  m ethod h a s  to  be  so u g h t.
The s t a r t i n g  p o in t  o f  t h i s  a l t e r n a t i v e  ap p ro ach  i s  
G reen ’ s theorem  in  two d im en sio n , i . e .
u ^ ^ ( r ,0 )  = u ( r , 0 )  -  u ^ ( r ,0 )
3.4- ds * ( $ , l )
H ere u ^ ^ ( r ,6 )  i s  th e  s c a t t e r e d  f i e l d  a t  th e  p o in t  ( r , 0 )  and 
hence  i s  th e  t o t a l  f i e l d  u ( r , 0 )  m inus th e  i n c id e n t  f i e l d  
n ^ ( r , 0 ) .  The f i e l d  q u a n t i ty  u  w hich a p p e a rs  i n  th e  in te g r a n d
78,
o f  th e  e q u a tio n  ( $ .1 ) ,  i s  th e  t o t a l  f i e l d  on th e  s u r f a c e  o f 
th e  c y l in d e r ;  n  i s  th e  o u te r  norm al from  th e  s id e s  o f  th e  
c y l in d e r ,  and R ( s , r )  th e  d i s ta n c e  from  th e  p o in t  s on th e  
c y l in d e r  to  th e  o b s e rv a t io n  p o in t  P , see  f i g u r e  20,
s'-*
G. If. -A '
â,
N
R ^  r - X g  cos 0 -  y^ s in  0 f o r  R, r ,  l a r g e
F ig u re  20
In  o rd e r  to  d e te rm in e  th e  a sy m p to tic  r e p r e s e n ta t io n  o f  th e  
i n t e g r a l  ($ .1 )  f o r  r  l a r g e  com pared to  th e  le n g th s  2a  and 
2b , th e  fo llo w in g  w e ll  known a sy m p to tic  r e p r e s e n ta t io n s  a re  
r e q u i r e d .
h O )  (kE) =
&
.  0((1cE)-=-5/2) , ( 5 .2 )
TckRJ  al(kR _% /4) + o ((K K )_ 3 /2 )
( 3 .3 )
w here th e  ± s ig n  depends on th e  d i r e c t i o n  o f  th e  norm.al and
cos 0 s in  0ft) th e  f a c e  from  w hich th e  norm al p r o t r u d e s .  U sing  th e
79
c o n v e n tio n  t h a t  th e  f a c e s  E^E^, E^E^, E^E^ a re
i d e n t i f i e d  by  th e  p a ra m e te r  j  ( j  = 1 , 2 , $ , 4  r e s p e c t iv e ly )  
th e  e x p re s s io n  ($ ,$ )  can be  re-written a s
ôH^^CkK)
ôn i k  8 l n [ 0 4 ( l . d ) § ] ( ^ y  gi(kR«fl:/4) o (kE )“ 5 /2 )  ,
(3.4)
S u b s t i t u t in g  ( 3 ,2 )  and ( $ .4 )  i n to  (3*1) g iv e s
u s
J'"
(3.5)
w here p . ,  ( j  « 1 , 2 , 3 ? 4 ) ,  i s  th e  d is ta n c e  m easured  from  th e
V.
v e r t e x  E , to w ard s  th e  v e r te x  E . see  f i g u r e  21 , 2 d j i s  U J  *'■**- J
th e  l e n g th  o f  th e  s id e  E . E . , an.d (x .,,y .,)  a re  th eJ J ■<**L J J
c o o rd in a te s  o f E . ; th e  f i e l d  q u a n t i ty  u  . . . i s  th e  f i e l dU U Î o
on th e  s id e  E . E.  . ,J d-i-J-
C/i
Y
II. I il  timi . . . .       1 .3*1
pi %
K
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80,
Tile bo u n d ary  c o n d i t io n  on th e  c y l in d e r  f a c e s  i s  g iv e n
b y
~  == i k  co s  6^u , ( 3 .6 )
w hich on s u b s t i t u t i o n  in to  ( 3 ,5 )  g iv e s
U g ( r , e )
Z(kr-i%) li.
 6 %,^ [ _ r  k ( ; c j c o s e  4 o ' ) J
a 4-'
X ^  9  -  CoS B tr j  I C:o5 (\^ J  ^
O
( 3 . 7 )
We s h a l l  now a p p ly  e q u a t io n  ( 3 .7 )  t o  d e te rm in e  th e  fo rw a rd  
s c a t t e r e d  f i e l d  when 8 « tc/2 and th e  in c id e n t  f i e l d  ru n s  
a lo n g  th e  s id e s ,  i . e .  0^ = tt, see  f i g u r e  22 ,
\i '
/  ■ I"
Kfc.
F ig u re  22
8 1 .
S u b s t i t u t in g  in to  th e  e x p re s s io n  (3*7) th e  a p p r o p r ia te  v a lu e s  
o f 0 and 0^ g iv e s
2 /S rrk fJ ' o
(3 .8 )
Expanded o u t (3*8) g iv e s
n ^ ( r , 0 )  =
I ■»!Z\f2TrkH
2-b
Wcos6>tM Uy -  e  tos0t-\^2,s6 '
i - O f f k ' - M .  0 . 9 )
C a lc u la t io n  o f  th e  f i e l d  a t  th e  c o rn e r s  o f th e  c y l in d e r
I t  i s  now n e c e s s a r y  t o  e v a lu a te  th e  f i e l d  q u a n t i t i e s  
u n d e r th e  i n t e g r a l  s ig n s  o f  th e  e x p re s s io n  ( 3 . 9 ) .  To 
a c h ie v e  t h i s  th e  f i e l d  a t  each  c o rn e r  o f  th e  c y l in d e r  m ust 
f i r s t  b e  c a lc u la te d *  The f i e l d  a t  th e  c o rn e r s  and Eg 
due to  d i r e c t  i l l u m in a t io n  b y  th e  in c id e n t  wave i s  
U i(E i)  a u^(E g) “ Q-'ikb ^  i s  r e q u i r e d  to  d e te rm in e  th e
f i e l d  a t  th e  c o rn e r s  E% and E,  ^ a f t e r  th e  in c id e n t  wave h a s  
b een  d i f f r a c t e d  by  th e  c o rn e r s  Eg and E-j r e s p e c t iv e ly *  We
s h a l l  a ls o  n eed  to  c o n s id e r  th e  f i e l d  a t  E^ p ro d u ced  b y
82,
d i f f r a c t i o n  o f th e  i n c id e n t  wave by  Eg and v ic e -v e r s a *  As 
i n  p re v io u s  c o m p u ta tio n s , o n ly  te rm s  up to  o rd e r  
w i l l  b e  r e t a in e d .
The f i e l d  a t  E^ cau se d  b y  th e  d i f f r a c t i o n  o f th e  
in c id e n t  wave from  Eg can  be  o b ta in e d  b y  r e f e r r i n g  to  
f i g u r e  23 and u s in g  th e  e x p re s s io n  (1 * 5 8 ),
f
Elf.
f \
i
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h
As shpvm in  f i g u r e  25 th e  c o o rd in a te  system  ( § , p )  h a s  been  
lo c a te d  a t  th e  c o rn e r  E^ and P ( ç , p )  i s  a  p o in t  i n  th e  
n e ig h b o u rh o o d  o f E^ such  t h a t  p > 0 , The t o t a l  f i e l d  a t
th e  c o rn e r  E^ i s  d e f in e d  b y  u^ (E ^ ) = u^^(P) + u ^ (P ,E g ) ;  and 
from  e x p re s s io n  (1 ,5 8 )
e •ikb-g—  [ - 21(6) + I(2Tt+6) + I(-2n+6) + 2J(ô)
— J (2tc4“Ô) — J ( “-=2'iî+6) 3 o
The f a c t o r  o f  one h a l f  a r i s e s  from  th e  c o a le s c in g  o f  th e
8 3 .
i n c id e n t  and r e f l e c t e d  wave a lo n g  As 6 ^ 0 , by  u s in g
th e  e x p re s s io n s  (2*12) to  (2*15) we o b ta in  a f t e r  s im p li f y in g  
and n o t in g  t h a t  u ^ (P ) = e^^^"'^\(0)*
U f(Eg) Uj^(Eg) '*• U^(Eg ,Eg) =
p.kb i'iTu/4
2V%Eb
v '( 0 )  f 
L gJIcb GO;cos 0.L
v (0 )  
co s 0A
From th e  symmetry o f  f i g u r e  23% th e  f i e l d  a t  E^  due to  
d i f f r a c t i o n  b y  E^ o f  th e  in c id e n t  p la n e  wave, i s  a ls o  g iv e n  
b y  ( 3 .1 0 ) ,  i*e«  u^ (E g) = u^(E ^)*  C o n s is te n t  w ith  o u r 
d e f i n i t i o n  f o r  u^ (E g) th e  o n ly  s in g le  d i f f r a c t e d  f i e l d  
reach in g  E^ comes from  Eg* Hence u s m g  th e  fo rm u la  (2*4) 
g iv e s ,  on u s in g  th e  f a c t  t h a t  H (0,71/2) = 0 ,
4>l(% ) =
ik b + i2 k a  c /g(o ) (0 ,7 r/2 ) 4- 0 ((k d )  ) , (3*11)ik ( 2 a )
a ls o  b y  symmetry u^j^(E^) = u ^ (E g ) . The second  o rd e r  
d i f f r a c t e d  f i e l d s  a t  th e s e  c o r n e r s ,  (E^ and Eg) need  n o t  b e  
c o n s id e re d  b e ca u se  th e y  a re  o f  0((kd)™ ^)
C a lc u la t io n  o f th e  f i e l d  on th e  c y l in d e r  f a c e s
H aving found  th e  v e r t e x  f i e l d s  we can  now p ro c e e d  to  
c a l c u l a t e  th e  f i e l d  on any f a c e  o f th e  c y lin d e r*  The
8 4 ,
n o ta t i o n   ^ w i l l  b e  u se d  to  d e n o te  th e  comi)onent
o f  c o n tr ib u te d  b y  th e  v e r t e x  f i e l d
D e te rm in a tio n  o f  u^ ^
IVhen th e  in c id e n t  p la n e  wave i l lu m in a te s  th e  c o rn e r  Eg 
th e  d i f f r a c t e d  f i e l d  can  b e  r e p r e s e n te d  a s  a  s e r i e s  o f  p la n e
waves; th e s e  p la n e  waves w i l l  now i l lu m in a te  th e  c o rn e r  E^«
We s h a l l  th u s  r e q u i r e  th e  re s p o n s e  o f  th e  c o rn e r  to  a
plan.e  wave. From f i g u r e  24
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th e  f i e l d  a lo n g  E^E^ due to  a p la n e  wave h i t t i n g  E^ a t  an 
a n g le  6^ is g iv e n  b y  n^(p% ,2% /2) where u^ i s  g iv en  by  th e  
e x p re s s io n  (1*53)* To f i n d  th e  f i e l d  a lo n g  th e  f a c e  E^E^ 
a f t e r  th e  i n c id e n t  f i e l d  h a s  b een  d i f f r a c t e d  a t  Eg and th e n  
s u b s e q u e n tly  E^ we s u b s t i t u t e  th e  above f i e l d  u ^ (p ^ s 5 ^ /2 )  
i n to  ( 3 . 10) and a llo w  8 0 . Hence
85 '
ikb+i7i;/4 — Ou
Fe-V
d i T , / u  e .1,  ^ -------------o
iTc/4♦«^Bsravji jv- nws'a;
2/Eb cos 0.V
% a(p3,$% /2)
u 00-,0
By symmetry th e  c o n t r ib u t io n  to  th e  s u r fa c e  f i e l d  u ^ ^ , by  
th e  in c id e n t  wave a f t e r  f i r s t  b e in g  d i f f r a c t e d  b y  c o rn e r  
and th e n  by  th e  c o rn e r  E^p i . e .  i s  th e  same a s
(3® 12) e x ce p t t h a t  i s  r e p la c e d  b y  2 a -p ? , see  f ig u r e  25*
eikb fiT c/4 O u .  r-jQj (2 a-pg ,3% /2 ) j^l + / n•»eaUK#xît«r«».i«»im«r‘teo«i*»«*e6»n«:iune»2a/ iE>“cos 0.J.
u ^ (2 a -p ^ ,3 T :/2 )  -
*"~~'cos^0•t 00-,0
/K.
0c
F ig u re  25
The t o t a l  f i e l d  a t  th e  p o in t  P on th e  f a c e  E^E^ i s  now g iv e n  
b y  ad d in g  (3*12) and (3*15) to g e th e r ,  see  f i g u r e  26 . Thus
U54CP)
86 c
F ig u re  26
u 54 e |4- #  ? / â id  (pj,32r)+ §Mà (Zft-A jarr')
L' a y w c o s ô j
Co- >©t
L o E C w 'T ^ ''^ ,
(3.14)
D e te rm in a tio n  o f  ^ ____________   LSJUZ
From f ig u r e  2? th e  f i e l d  a t  a  p o in t  P a lo n g  th e  f a c e  
FgE^ c o n tr ib u te d  b y  th e  i n c id e n t  wave b e in g  d i f f r a c t e d  by  
c o rn e r  i s  g iv en  b y  th e  e x p re s s io n
U 2 5 |u i(E 2 ) ■ikb ( 3 . 15)
00 = ™
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B,
i J
(?s:0
F ig u re  27
The c o n t r ib u t io n  to  Up^ from  th e  in c id e n t  f i e l d  d i f f r a c t e d  
b y  c o rn e r  Eg and th e n  s u b s e q u e n tly  by  E^, i . e .  Cug^lu., (E ^ ) ]c. J  <-V J
can  be c a lc u la t e d  b y  c o n s id e r in g  f i g u r e  2 8 , arid u s in g  th e  
e x p re s s io n  ( 3 .1 0 ) .
F ig u re  28
t(a^
tfeb 4-tr/,j,6
z / f k P  .. ^  2s/IEcc*0C-
CdsOa
.1. o [  ( .
(5 .1 6 )
8 8
ï lie  t o t a l  f i e l d  a lo n g  Eplî)^ due to  d i f f r a c t i o n  a t  c o rn e r s  
Ep and E^ i s  th e  sum o f ( 3 . 15 ) and (3 .1 6 )
u
zfrrk\]
\ 4-
?9o ' Z\/Q7c.oS0(r
CoSOt;
o r ( i u ) - y
(5 .1 7 )
The v a r io u s  c o n t r ib u t io n s  t o  Ug ^ a re  shown i n  f i g u r e  29c. 9 ^
% ip
,E l_  . . E, i
+- LwiilUiCEîd
F ig u re  29
D e te rm in a tio n  o f  u4 ,1
Fcom symmetry th e  f i e l d  on th e  f a c e  i s  e x a c t ly  th e
same e x ce p t t h a t  th e  f i e l d  q u a n t i t i e s  w i l l  be  i n  te rm s  o f  
in s t e a d  o f pp. To o b ta in  th e  a p p ro p r ia te  f i e l d  we m ust 
r e p la c e  pp i n  th e  e x p re s s io n  ( 3 . 17) b y  Sb-p^L? s in c e  f o r  any 
p a r t i c u l a r  v a lu e  o f  y , pp f  = 2b . Thus
89
111 , 4
CkVî
3iy,(p.5o)f I +
i  Z sfkh 'co^9^
Wtj ( , o
Ce>S^tr
4" o [ ( w M
(3 . 18)
D e te rm in a tio n  o f  u 1 , 2
From f ig u r e  30 th e  f i e l d  a lo n g  th e  f a c e  E^Ep due to  
d i f f r a c t i o n  o f th e  in c id e n t  wave by  the. c o rn e r  E^ i s  g iv e n  
b y
C
E,
Es
P
A
F ig u re  30
e-lKb%d ( Pi, o)
Dq “ ^ /2
(3 .1 9 )
The c o n t r ib u t io n  to  u^p from  th e  in c id e n t  f i e l d  f i r s t  b e in g  
d i f f r a c t e d  b y  Eg, and th e  r e s u l t i n g  f i e l d  b e in g  d i f f r a c t e d  
b y  i s  g iv en  b y , se e  f i g u r e  31 ,
9 0 .
Eo.
El
F ig u re  31
u s in g  th e  fo rm u la  (3*11) and n o t in g  th e  d i r e c t i o n  o f  th e  
d i f f r a c t e d  r a y s  i n  f i g u r e  31^ Thus
I n  ik ( 2 a - b )  ^Dg(0,11/2) U^(2a-P3^,0) . (3 .2 0 )
0
Thus th e  t o t a l  c o n t r ib u t io n  c au sed  b y  th e  i n c id e n t  wave 
i l l u m in a t in g  c o rn e r  se e  f i g u r e  32, i s  g iv e n  b y
I'Tr-h _ ik (2 a -b )  . . .  . . . .
è  u ^ ( p i , 0 )  f  D q ( 0 , tc/ 2 )  u ^ ( 2 a - p ^ , 0 )  o ( 3 * 2 1 )
Qq =. %/2
L IX1 k I (E “h 1 U » :L \ v\ t ( E -i) \
F ig u re  32
Go ^ 0
Ei{. ^ ^ 4  %
-h
&L— E , ^P ?  - -
A '< /Is
9 1 .
From symmetry th e  c o n t r i b u t io n  to  u.j p o f th e  in c id e n t  r a y  
i l l u m in a t in g  Ep, se e  f i g u r e  33 , i s  g iv en  b y  r e p la c in g  by  
2a«p^ i n  (3 * 2 1 ), and i s
-.n'Vh V ^ ik (2 a ~ b ) du .e ■ vi^(2a‘-‘p-j^0) ^^(0 ,71 /2 ) (pq^O)ik ( 2 a )
Oq ~ Tc/2
(3 .22)
Ev- %
"f
Ea 64
E.t _ __Et. £ |__ E&
P
I
P
1 ■
p
i
4" L u v iA ,( t . ) j
!
F ig u re  35
F i n a l l y  th e  c y l in d e r  f a c e  E^Ep w i l l  e ixperience  d i r e c t  
i l l u m in a t io n  b y  th e  i n c id e n t  p la n e  wave, w h ich , b e c a u se  o f 
th e  im pedance b o u n d a ry  c o n d i t io n ,  g iv e s  r i s e  to  th e  
g e o m e tr ic a l  o p t ic s  f i e l d  c o n t r ib u t io n ,  see  f i g u r e  34
,G"121^12 c o s 'e ^ (3 .2 3 )
‘A A-AA'AAA'A '> a a A' ! ! ' I i : i i i i I
F ig u re  34
9 2 .
Thus th e  t o t a l  f i e l d  on th e  f a c e  E^Ep i s  g iv e n  b y  ad d in g  th e  
e x p r e ss io n s  ( 3 « 2 l ) ,  (3*22) and ( 3 *23) to g e th e r  g iv in g
^ PosT'/'u..
~lbb- -  ^  <g -
CoS 0  b
4-
t,kî(2oc-b) e _______ DbCo.tt/^). 3uA(f>„o) + DUj(Aa.-/»,]o)| 
3%  3i?« (9c-^ o
(3*24)
S u b s t i t u t in g  th e  e x p r ess io n s  (3 * 1 4 ), (3 * 1 7 ), (3*18) and 
(3*24) in to  th e  e q u a t io n  ( 3*9) ;  and th e n  maicing a  change o f 
th e  v a r i a b le  o f i n t e g r a t i o n  w here a p p r o p r ia te ,  to  b r in g  
s i m i l a r  te rm s u n d e r a  common ra n g e  o f  i n t e g r a t i o n ,  we o b ta in  
e v e n tu a l ly
li kr^ rr/t},)
8 ~  (X. ( i -  ^oSGtr)
CoS&t
2 co s0 fcV /^ / fio-P'O
ab
O 00-^  0
CLb
^ 2 CoS0bj o) e
0 tPc-^rr
93*
J. 5 ( 1- C£>5.6(,) o) _ J i± c s s h lÀ ! ^ * l  1 4-Æ f !
2coS>&k"ÆS /  Q
2-Ow
J, ( t 4- CoS>Ob) p3^  &0 ^  o [ ( b d )
CoS 0 t  \firkk> o o
4 - 0 [ ( k r ) - ^ y (3*23)
The e x p re s s io n s  a p p e a r in g  i n  th e  e q u a tio n  (3«23) a re  i n  f a c t  
d o u b le  i n t e g r a l s ,  b e c a u se  u ^ ( p ,0 )  i s  g iven  by ( 1 *33) ,  i . e .
2TT&V? S(&)
f
CoS 2 2 1 Cc-S X (if— 3 3
I
C oS — C oS X. ©o)
3  3
C l^coS (V- ^ e?)j
( 1 . 33)
where
JÙ (y,8n) ■(c^sV- c.sa.)fs^K'j 4 CS6 p-
Cc^S^O -f’CoS0fc){^ ^^ -'^ 9o~- Co£> 6k)(coS- 4 0 ^  — C ^ > * > 4(2^ ),%.) — CoS
(1 . 34)
The e x p re s s io n  (3*23) can  be  s im p l i f i e d  by  n o t in g  t h a t  
u ^ (p ^ ,0 )  -  0 and u^(p^,'=^0  = 0 , th u s
0Q ^ 0 0 ^ ”>O
94,
/fK P -  . I
, , - ‘•Va x f'^
-2  C €>S0tr j ^  ^^SL. "i'”’ 2  (  ( "> CoS 0fc:/ I
îr /  * \
O f  Coâûtr) - e _  1 1 V — ' ^ ■ ^ — 1   I I  ?iU(^3^3Tr]
(5 . 26)
F or th e  e v a lu a t io n  o f th e  i n t e g r a l s  a p p e a rin g  i n  th e  
e x p re s s io n  (3 * 2 6 ), i t  %vill be  n e c e s s a ry  t o  e x p re s s  u^Cp,©) 
g iv e n  by  (1*35) i n  th e  a l t e r n a t i v e  form ;
u ^ (p ,Q ) “ 2 ^  J  (F(Y'-T%:)-F(Y4'Tc)}e^^^^ C0w(y (3*27)
8 (6 )
w here
F (x ) « — 2. (^C^SX-4 -Oo5<9/r^ ("cc>s6fcr"’ ^/s
3  ( CoS Go 4 os(9fc)( Sb-v^o -
X
C&Sl^^ 4* CoS.2.(9o/^ ^
/  \ Â  .  n \C - O S 2 X  I  - * ” { c o S 2 0 2 .  ]  I  C c ? S 2  ^  ^  C o S 2 ^
3 / \  T  / /  3 3
9 3 .
By a s t r a i g h t  fo rw a rd  change o f th e  v a r i a b le s  o f  i n t e g r a t i o n  
i t  can  be  shown t h a t  f o r  an y .G (x ) w hich r e n d e r s  th e  fo l lo w in g  
i n t e g r a l  c o n v e rg e n t :
fr . , , .1  r r r ]
2iro Zin  ^ S(v) 5 (-7T)
(5 .2 9 )
F i n a l l y  we w i l l  r e q u i r e  th e  fo l lo w in g  r e s u l t  w hich i s  p ro v ed  
i n  th e  A ppendix 3A. F o r p = 0 i n  (3*29) we have  t h a t
r,, G(a+8)d a  = iG (R)0 Yl
G(a+6 )d a iG (-R ) J
R S3 i«> ; 0 f i n i t e ( 3 . 30)
P ro v id e d  G(± R) -> c o n s ta n t  a s  R i«».
The c o n to u rs  a p p r o p r ia te  t o  th e  fo rm u lae  (3 .2 9 )  and ( 3 . 3O) 
a re  shown in  f i g u r e  35. P ro v id e d  th e  c o n to u rs  o f i n t e g r a t i o n  
te r m in a te  w i th in  th e  sh ad ed  r e g io n s  th e  e x p o n e n tia l  te rm  o f 
th e  in te g r a n d  e n s u re s  u n ifo rm  co n v erg en ce .
9 6 ,
27T : n r
F ig u re  3 ^
C o n sid e r th e  i n t e g r a l ,
2a ( 3 . 31)
w hich  a p p e a rs  i n  (3 .2 6 )  f o r  th e  p a r t i c u l a r  c a se  o f 8 = 0 ,
9q 1= $  . S a b s t i t u t i n g  th e  c o n to u r  i n t e g r a l  r e p r e s e n ta t io n  
f o r  u^Cp^iO), b y  means o f  ( 3 .2 ? )  to  (3*29) t w i l l  g iv e
n 2 a  r  - ik p g  co s  0:I  = - ^ £  J I J ® F (a+ 8)dadpg  .
o ^8(% ) 8(-% ) (5*52)
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I t  i s  now p o s s ib le  to  i n t e g r a t e  im der th e  i n t e g r a l  s ig n  by- 
v i r t u e  o f  th e  u n ifo rm  convergence  o f th e  com plex c o n to u r  
i n te g r a l*  Thus
I j  -I- j F(a-î-0) r -SikE 2 % n )  J I LG
^ 8 (% ) 8(-% )
-ka. co s a l ] d a .  ( 3 . 53)
I n  th e  e x p re s s io n  ( 3 *33) we now c o n v e r t th e  i n t e g r a l s  
in v o lv in g  0"”2i k a c o s a  ^&c^ i n to  a s in g le  i n t e g r a l  a lo  
p a th  8 ( 0 ) by  means o f  th e  e x p re s s io n  (3 * 2 9 ), g iv in g
I
Zyrl $(»-{[) L I?
■f • J  L m M _
a .T T iS ï’ J ikcoS & ~ ô)
see)
\
—c<>s 0^} ‘
( 3 . 34)
S u b s t i t u t in g  i n  th e  p a r t i c u l a r  v a lu e s  0 = 0» 8^ = tz/ 2  g iv e s
F ( k l  cJoC
2irC  I s w  ^ 61=7%,
JÊ.Cïhal_'
UoS2Yr3 C-&> 2:.E 3,
1
( 3 . 35)
9 8 .
The e v a lu a t io n  of th e  l a s t  i n t e g r a l  o f th e  e x p re s s io n  (3*35) 
can  be  a c h iev e d  by  a d i r e c t  a p p l i c a t io n  o f th e  o rd in a ry  
s a d d le  p o in t  m ethod , (k a  »  1 ) ;  b ecau se  no p o le s  o f  th e  
in te g r a n d  l i e  in  th e  v i c i n i t y  o f  th e  sa d d le  p o i n t .  Thus
2-îrt V3 1'hcosY
1
e  j ) /
3.
z  g  +  o f
3 1 k 4 z ir  (2bo.f*- Cos St
Af O  £  (  . (3 .35)
We now e v a lu a te . th e  re m a in in g  i n t e g r a l  o f th e  e x p re s s io n
( 3 . 35) ,  i . e .
f156r) s(-ir) F (^ )
w here
m )
C k.CoSo( 9=0
“h Ccifi 9 (r^  Ç ' 5WA.<Y ) 
/J*  (  I -  C0Ô 0't )  CoS ^ 6 (/ fe.CoS ^
____ _
(3 . 37)
9 9 .
C le a r ly ,
COS(i
SO t h a t ,  b y  v i r t u e  o f  th e  r e s u l t  (3 « 3 0 ), th e  c o n to u rs  o f  
s t e e p e s t  d e s c e n t ,  8(%) and 8(-m ) can be jo in e d  by  th e  
c o n to u rs  8%id form  a c lo s e d  loop* S in c e  no s u r f a c e
wave p o le s ,  w hich would b e  com plex, a re  e n c lo se d  by  t h i s  
c lo s e d  c o n to u r  we can  deform  8(%) and S ( - tc) t o  ta k e  up th e  
s t r a i g h t  l i n e  c o n to u rs  shown i n  f i g u r e  36* ' T h is  c lo s e d  
c o n to u r  w i l l  b e  d e n o te d  b y  0 .
ï t
■<xv\s.
-TC—CdO r ' Tr-t/«3
F ig u re  36
Hence
a lr fj  J 8(%) 8(-% )
F(a) 
xfc COS a
1 r 3?(a)2 i r  J ç . 'ï ic ô 'i 'ï ï^ "
1 0 0 .
= -  Z r e s id u e s  o f  p o le s  o f  G^^^osed b y  0 .
. ( 3 . 38)
The o n ly  p o le s  e n c lo se d  b y  C a re  th e  p o le s  a lo n g  th e  r e a l  
a x is  betw een  (-%,%)* These p o le s  o ccu r a t  th e  v a lu e s  o f  a  
f o r  w hich
cos a  = O 5 i . e .  a  ~ ± n / 2  ;
cos&x. -  c o s S  » 0 , i . e .  a  = à  m/2  *
Thus s in g le  and do u b le  p o le s  o c cu r in  th e  e x p re s s io n  ( 3 «37) 
a t  a  =5 1 m /2. By means o f th e  fo rm u lae  o f  A ppendix 3B th e  
sum o f  r e s id u e s  o f  th e  f u n c t io n  ( 3 «37) a re  g iv e n  by
( 3 . 39)
Thus 2 CL.
i  & » = f r / i
=  — a ------- [ j _ _  4 - i _  — !----------- L o[(fe« fd  ,
i k ( i - u . s û , ) ( o . s e ,  a J T  J ï { \ - \ (3 .4 0 )
We now c o n s id e r  th e  i n t e g r a l :
2a ô u . ^  ^ J 5^ “"^Pxî 3^^/2)dp^ oo o
0 o"^0
A f te r  d i f f e r e n t i a t i n g  u n d e r th e  i n t e g r a l  s ig n  o f th e  i n t e g r a l
101.
r e p r e se n ta t io n  fo r  u ^ ( p ^ ,8 ) ,  t h i s  b e in g  p e r m is s ib le  b e c a u se  
.th e  i n t e g r a l  c o n v e rg es  u n ifo rm ly , we o b ta in
2 do zri J S/S (^oS^_ cosi^T
Oo^o ■ 3 3 /
T ran sfo rm in g  th e  above c o n to u r ,  a s  b e fo r e , to  ta k e  up th e  two 
c o n to u rs  S(m) and 8(-m ) and i n t e g r a t i n g  w ith  r e s p e c t  to  p_
g iv e s ,
1 I f  , r  1 ^I
4  I s(v) '^ sC-rc) ^00 ^  '#,">0
w here
_ 4- (sif\(K t  Oes 0fc)fco5 âf ,^-ccsoc ) ^\  ^  —          :----  A
5 (  I -hCoS 9 t )  Cos S t00->0
X
( f )  - (<^ 5 g|êj) (" t)
(3 -4 1 )
I n t e g r a t i n g  w ith  r e s p e c t  to  g iv e s ,  a f t e r  r e - a r r a n g in g  th e  
i n t e g r a l s  a s  b efo re
P F
 ^ ihcos^L
(5 .4 2 )
1 0 2 ,
The second  i n t e g r a l  i n  th e  e x p re s s io n  (3*42) can b e  e v a lu a te d  
. d i r e c t l y  by  th e  no rm al s a d d le  p o in t  m ethod; i t  i s  found  to  
be  o f  o rd e r  0 ( ( k a ) ‘“-^'^^), Tb.e e v a lu a t io n  o f  t h e  f i r s t  
i n t e g r a l  o f th e  e x p re s s io n  (3*42) i s  a c h ie v e d  b y  summing th e  
r e s id u e s  o f ^ ^ (a + 3 " n :/2 ) / ik  c o s  a  e n c lo se d  b y  C, The o n ly
p o le s  t h a t  o c cu r i n  th e  i n t e r v a l  la! % a re  th o s e  f o r  w hich
c o s  a  = 0 , i , e ,  a  = à  %/2 , s in c e
^ 0 ^  " O osdt'‘r Cc>S<^ ^
C CoS o( 3 t  ^  I CoS O ' ^  Co£ Q(j CoS 0(
X '
25 3
The sum o f  th e  r e s id u e s  i s  e a s i l y  found  to  be
& E ( c T r e p Y J  I '  # j  '
Thus
2 H  =  — ^■
9 lk { c a s 9 f < - l )
+ o E (3 .4 2 )
C o n s id e r in g  th e  i n t e g r a l
2b ÔU. ikp%
I  i- J  Qlg ( 6) e dp^ ,
6o-,0
we o b ta in ,  fo l lo w in g  a s im i l a r  p ro c é d u re  a s  b e fo re
103
L  \
dOo2ttC
■ 1^ - StK3. y/g 0 C2bW(l4*6oSy)
2TrL ( 3 . 4 3 )SCo) . 3.
The sa d d le  p o in t  o f  th e  second  i n t e g r a l  i n  th e  above 
e x p re s s io n  o c c u rs  a t  y = 0; and s in c e  th e  p o le s  o f th e  
in te g r a n d  a re  n o t  n e a r  th e  s a d d le  p o i n t ,  a  s t r a i g h t  fo rw a rd  
a p p l i c a t io n  o f  th e  sa d d le  p o in t  m ethod sb.ows t h a t  t h i s  
i n t e g r a l  i s  o f  o rd e r  0 ( ( k b ) “'^ ‘^ ^ ) ,
As b e fo re  th e  f i r s t  i n t e g r a l  i n  th e  esqpression  (3*43) i s  
e q u a l t o  th e  sum o f  th e  r e s id u e s  a t  th e  p o le s  o f
1
? ^o  C k ll- ’C o S ^  k  ({ -  0-05°  ^) (  ltCosl9b) fc:
A
\
w hich l i e  w i th in  I a i ^  ix. 
o f  a  f o r  w hich
(3*44)
These p o le s  o c cu r a t  th e  v a lu e s
co s a -1  = -  2 s in 2a
and
co s 2a 1 2 s in. . 2  a
0 ,
0
th u s  th e  p o le s  a l l  o c cu r a t  a  = 0« R e w ritin g  th e  e x p re s s io n  
(3»^A-) i n  th e  form
_  4" ( C o S  K d l r K C o S  6(r SU\,oC^ ^  4~ t ^ ________________________ 104.
CQ$Ol) { / 4 -  c . o s B ^  C ^ p S % ^ S 2 &
^  4" (c& S o i-h  6gS 6k") C cpS& t -  f  ù-L.0^  ) ___________
9 c k  (  I  -  C o s o c ^  l )  C o 5  ^ f c - ( I  4 - W & e a )
from  w hich we can  se e  t h a t  th e  f i r s t  te rm  h a s  a  do u b le  p o le  
a t  a  = 0 , and th e  second  te rm  a  f o u r th  o rd e r  p o le  a t  a  = 0, 
The com bined r e s id u e  i s  g iv e n  b y
-nei-g- - sTurlosiT ” 'ikrnïïSivrTssF-ër9 ik C l -  (c o s  - y - )  ]
Thus
3 9 ,
(o
9  i .k .( | — 4 ° s 2 0 a y )  £os©fc
4. ------2 ---------- -h------------ 1 ---------------  V 0 [  (  _
,2.7 C,k C o S %  I  k (\^r<C a<>& ^ C ^ ^ B h  ( 3 *43)
F i n a l l y  we w i l l  e v a lu a te  th e  re m a in in g  i n t e g r a l  i n  th e  
e x p re s s io n  (3 * 2 6 ), i . e .  •
2bJ  U a ( P 2 ? o )  G dkp. -dp. (3*46)
The i n t e g r a l  r e p r e s e n ta t io n  o f  ^ ^ (p g iO )^  h a s  a p o le  a t
th e  sa d d le  p o in t  and th u s  to  be  a b le  to  p e rfo rm  th e  p 
i n t e g r a t i o n  i t  i s  n e c e s s a ry  to  in d e n t  th e  s t e e p e s t  d e sc e n t 
c o n to u r  8 (0 ) a t  th e  sa d d le  p o i n t .  T h is  e n s u re s  un ifo rm  
convergence  and th u s  we may in te rc h a n g e  th e  o rd e r  o f  
i n t e g r a t i o n .
1 0 3
F ig u re  37
A f te r  s u b s t i t u t i n g  in  th e  i n t e g r a l  r e p r e s e n ta t io n  f o r  
u^Cp^îO) i n to  (3 .4 6 )  and c a r r y in g  o u t th e  i n t e g r a t i o n  
th e  r e s u l t  can  b e  p u t  in  th e  form
Ï
2 fr t i
.JEÙÙ À<^
t/kC l-hCûSei^
ZrrCy/z ok   ^ 0Lc:A52][r_Q>sg(/-ir)
Czhk(coS/-/)
^  a y
(3 .4 7 )
To e v a lu a te  th e  second  i n t e g r a l  o f  th e  e x p re s s io n  (3*4?) i t  
i s  r e q u i r e d  to  expand th e  in te g r a n d  in  te rm s o f  s in  y /2 , 
w hich  g iv e s
106.
^ -  606 Z^y-ir) cos:?2r _ c o s&C/^m). & % a  3
a ir  U s
(3*43)
/ 3 / Iw here ’ °^-2 cô s  0^‘ ^
a  -, ™ '7^. -{- 32(^1 ) ?4- '5^  ^
Cx?5%"" ( 5(coS: ^  .f S ^( -b c o s 4  & z/^ J ^  ^
3
12 li-  1_ 3 x 6 4 y ^ co s4 f e ^ )
^50t? "” I ^ (c o s  40%.}- y ^  3 ^  y^ -
3
12 5 v T ( 3 * 4 9 )
cosé'fc coS ^ô t J l 8 c o s B t
I t  i s  n o t  n e c e s s a r y  to  c o n s id e r  h ig h e r  o rd e r  te rm s  f o r  th e
a c c u ra c y  we a re  i n t e r e s t e d  i n .  Making th e  s u b s t i t u t i o n
pc o s  y - I  = i s  , so t h a t
- iT i/d  . s in  ^  =3 Ç "g2  — yp 0 4  52' ) ,
th e  i n t e g r a l  (3*48) can  be w r i t t e n  a s
l s V 2 l  < 1
d.
S E T g I k : ”  .2kds2 ns. Q E q^s^ds ,n~— 3 ( 3 . 50)
1 0 7 .
w here
( 3 . 51)
^ -1  “ 2 *■ *~5^) 5 q^ » / 2  e .
I n t e r  ch an g in g  th e  sum m ation and i n t e g r a t i o n  s ig n  in  (3 * 3 0 ), 
(b y  v i r t u e  o f  W a tso n 's  Lemma), g iv e s  i n t e g r a l s  o f  th e  form
00 D
f  d s
w hich  can  b e  e a s i l y  e v a lu a te d  f o r  p o s i t i v e  o r  n e g a t iv e  n. 
i . e .  f o r  n  oddf = 0 ,
taOO
f o r  Ini (= 0 , 2 , 4 . . * . )  even
■a. 0 0
( 2 k d ) ,
Thus th e  i n t e g r a l  (3«48) i s  a sg m p to tio  to
■ JL 
I k
+ -  ' z 'J■15 #  4 ï ' Z - ( ^
( 3 . 52 )
We now e v a lu a te  th e  re m a in in g  i n t e g r a l  o f  th e  e x p re s s io n
( 3 . 47) ,
1  n ? ( a )  doc p,N
2 iT  J„  îrC lT JH V H }' ’ (3 -5 3 )
1 0 8
w here
— { 60 S Of h C o  S )(c-oS ^ 6 — S  Cw.<X )
j-j' CoS^^) 7 5 *  6 l i  C i C o â cs^ " ) I^ CoSi%
K r   I 7
F(%)
(3 .3 4 )
The p o le s  o f f o r  la l  7t o ccu r a t  a  = Æ Tc
w hich means th e y  a re  on th e  c o n to u r  0 , w hich i s  in d e n te d  a s  
shown in  f i g u r e  38.
F ig u re  38
The i n t e g r a l  (3*38) i s  th u s  e q u a l to
109 .
1 f F (a )  da 
2tei Jq  ikCl+008
ResC'-ix) 4'ResO i) 9 F (a )2 J  ikC-L+cos a )
and a f t e r  sonie c o m p u ta tio n  w ith  th e  h e lp  o f  th e  fo rm u la  o f  
A ppendix 3B f o r  th e  e v a lu a t io n  o f  th e  r e s id u e s  a t  th e  second  
and t h i r d  o rd e r  p o le s  w hich a p p ea r a t  a  = -ikt , se e  (3*34) we 
o b ta in
1 f» F (a )  dec 
2%i J q i k ( l4 -cos a ;
H ence '
ttrwWi*» »!. fSfcvsa-w»*»
3 / 3 t t  co s  8^ co s  (o o s 282/g ) '- J
(3 .5 5 )
2\>
I j
i' k  L \fw  ^ 7 5  CA&Ôfc
f . )%
Vg" c o s B t )  2 Æ Trrkb \ z l ï  I ^05,% CoSOt;— I
3 Z
3  ^  y  If c c s  4
4- 12 )
CosT03 a  \
/e .« » ,;
Thus th e  e x p re s s io n  f o r  th e  t o t a l  s c a t t e r e d  f i e l d  i s  g iv e n  by  
s u b s t i t u t i n g  th e  v a lu e s  o f th e  i n t e g r a l s  (3 * 4 0 ), (3 * 4 2 ), 
( 3 *43) and (3*36) i n to  th e  e x p re s s io n  (3 * 2 6 ), w hich g iv e s
1 1 0 ,
L(kW ttAiO P h-a. C\ CcoS
CosRfc-
.O S  %  1 1 , sTtr __________
v /îk ?  '  2 f o s e ,^ /S b A  9 v k (
16
(ca&7. fe. p CaSBfc;
5
X I  ik, oot> &b Ô k  f  I +  c o s S f e )  c o s S f c
^  2 .c o s 6 t |_ L  
I ùk
zVTÆ'
..  3 i _
n/F cos6t 3 /3  cosBe Vs cosBfe  ^|/|,r
12 O-
11. 
J T a
U- 4-
cosBfr-1  + 14]  9 ( ‘A + < ^ ^
' IQ c a s ^ b
•{- CoS&fri 4"
. cc.sS'fr)I CosBt- 3 . / i  '/tj. -  (U s& A y )j ]
(l-t-g-osBfclg  ^’^ A Vir £ \  8 _______[ _______ I______
V f k ^  '  2 t o i 0 ( , V h 7  {  9 i k ( l  4 c o s 0 ( r ) l 2 ^ ' / ^ -  { '
4
3
I l l
e x p re s s in g  th e  above e x p re s s io n  i n  a  more t r a c t a b l e  form  b y  
ex pand ing  e v e ry th in g  o u t in  in v e r s e  pow ers o f  co s  0. .^,
(w here i n  th e  l i m i t  f o r  a  p e r f e c t l y  c o n d u c tin g  c y l in d e r  
COS 0^ , we o b ta in ,
U g (r ,- |)
zJzTxkP E ISbiirkb' s/ffe
- 1-  -7 J t £ ."i“ • J — J M-n, -  J t_
cosBfc-l U t  i8k%  k.
S u b s t i t u t in g  th e  com plex r e f r a c t i v e  in d ex  H (= n ( l+ i ic ) )  f o r  
c o s  0.J. and a p p ly in g  th e  c r o s s  s e c t io n  theorem. Jo n es  [ 1 ? ] ,  
g iv e s
19 ^ 8 , ^
18k72iiSF k
4-1
In  th e  l i m i t  a s  n  -> «> th e  above e x p re s s io n  re d u c e s  to  th e  
s c a t t e r i n g  c r o s s  s e c t io n  f o r  a  p e r f e c t l y  c o n d u c tin g  c y l in d e r  
w hich a g re e s  w ith  th e  e x p re s s io n  o b ta in e d  by  Morse [2 0 ] .
1 1 2 .
C o n c lu s io n
The m ethod u se d  i n  th e  f i n a l  c h a p te r  c o u ld  he a p p lie d  to  
th e  p roblem  o f p e r f e c t  c o n d u c t iv i ty ,  and w ould in v o lv e  more 
s t r a ig h t f o r w a r d  c a l c u l a t i o n s  th a n  th o s e  u se d  b y  M orse; whose 
m ethod was found  to  b e  u n s u i t a b le  f o r  th e  p rob lem  we 
c o n s id e re d . The m ethod u se d  i n  c h a p te r  3 can  be  u se d  to  
o b ta in  th e  f i e l d  i n  any d i r e c t i o n  a lth o u g h  th e  work in v o lv e d  
w ould be  g r e a t e r  th a n  u s in g  K e l l e r 's  m ethod, when i t  i s  
a p p l i c a b le .
F in a l ly  i t  i s  w o rth  m e n tio n in g  t h a t  th e  m ethods u se d  f o r  
t h i s  p a r t i c u l a r  p rob lem  can  be c a r r i e d  o v e r to  s o lv e  th e  
s im p le r  prob lem  o f  d i f f r a c t i o n  b y  a t h i c k  h a l f  p la n e  whose 
s id e s  a re  im p e r f e c t ly  c o n d u c tin g .
1 1 3 .
A ppendix lA
( i )
From B urm aiin 's th eo rem , see  IV hittalcer and Watson [14 ]
we can  expand E3(G*iw,0Q) in. te rm s  o f sh ^  th u s
W\nJb (8 + iw ,8 ^ )  = % B ^ ( s h § )G n=0 ^
w here
Bg = B ) ( 0 ,0 o )
B, = 2i®(6,0„)O' COS 0 s i n  8_ (srn  8+cos 8^) (co s  0 -c o s  6. )
/f. Slivy, .“i
5 cc>s2 ^% 60s 2 d u- A -  60S 4d^y^
( t e S ( c o S J h  (0-^a) ^  60S 4]T  ^]
2 itt> (0 ,0 ^ )[0 ,8 ç ^ ]  ,
B, (0S0Ç^) ( [ 0 ,0 ^ ] ^  + ^ [ 8 , 8 ^ ]  } ,
i î ü ( 0 , 8 ^ )  { [ 0 ,0q ] + 4 [ 0 ,0^]-^ 4-I 2 C0 ,0^]-^^-[0,0^]o Ô0  ^ o
w here
'*’■ 4  “”-^ [0 ,0 ^ ]  } ,
^ [ 6 , 0 J
ps i n  8 cos 0 co s  0
C ü ïü T c o s  e p " "  (g i j ,0 . ,c o s  e j 2 ' “ TH ÏÏiT»V osë“ 7o
Q  CosZ0o/3 006
(  C o S 9 -  C o S B ^  (  1  C oS 2 & C o .S  2 ^  _  C o S i t P z )3 3 - 1  ?T
\
—  -
2 ê  f.L -  casi{^%. ; 
A 3  ^  /
I 6 (  
■?1
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c-o s  ih ( 0f" 03,) — Cos (HI" 
3  a
4-
cc?s 3
O S iü£0-® 5 -c o s W - ^ 3
'H
/  5Ùt/vi;(9- Y    i
(  C^Sj±(G-0t)--OoS\ÜT^ I 3  3 /
3
0 4 - 8 0 ) ^
( C o6 ih /"  0 4 - 0 ^  -  Co ^ 4*yF)\  3^  3  /
"'"“inrCO Î ] CxO& 3 CoS© SÙ/V.0
Ô02 Sù^.0 4’ CAS0'fc  ^ Ç SUA,©-^ CosO c^
4 Z  C o S ^ G S U a ^ ,g 5  ÙVA.S Cos. 0
^SÙa Ê ■'rcc>s9 '^^^ ^66^0 «. cosQtr) (co& 8 -  cos,6^t^
2sC vv> 6 1^ co& zao/a
iS/ CxoS 0 u- cos8 (^  27  ^I" CoS Co s 18 -kl — C o  s S** ©T)^ ^  3  X - T /
<^(^C  6 0 5 % 00/ ^  CoS 
2 7  ^ 2 - C o S 2 j o  C o S X G  4"Ju -  COS
/2B  SLiA-xQ^"^
2 7  ^ZCoS 6 o S ^ ' '4-3 — Co&4 -6 ^  
^  3 2 -  % "7
^Zf. f 6ÙKM©4-0a.)
^ 7  I  Cosjj^ (04- 0^) -  60S I-t T(' 
3  3
4- 5L K ,!t (  0 '"0 %) 1 ^ (
6 0 5 ^ ( 0 ^ 0 / ) ^  ^ 5  J
3  3
4
jCh'. r SÙA±(6^4-0i)6oJk:(0*^^7) sWifc(9--0x) CxO.sik(0-0x)Icdc. J  ------ ----------------— JL_-------------- — — 3— ------- _±— —
^ 7  {. (côSH- ( 04'02.) ( c o s ± ( 9 - B z )  -  c o s y n r ^
l i g   -I— . — ------------     :------  4- ------------- --------- ——------- ------
2*7 ^ Go-St  ^( 04'03)  — 6oS4H ’ \  ^ CoSÜ (^«, 0 %) CoS W-TT V3 ?• /  ^ 6  \  /
^  SW ‘± (0 -0S .)^
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( i i )
( i i i )
F o r th e  s e r i e s  (1 .6 8 )  th e  f i r s t  few c o e f f i c i e n t s  a re  
g iv e n  by
® ( e ,e o >  5J- COt('^) ,
Bp ft B) (090^) ft . Q ft p^1 ” EtcT^  c o t  (-g-) c o t ( - j ) { l  4 g ( s i n  ^ )  } ,
°2  = Iziw :?  o o t(.^ ) e o t ( ^ ) { l  + ^ ( s i a  & ) f } , '
+ “ StÊTI^” c o t ( - |) { - |  + 2 ^ ( s i n  + | .£ ( s i i i  - |) “t  ,
w here B c o e f f i c i e n t s  a re  g iv e n  i n  p a r t  ( i ) *
For th e  s e r i e s  (1 .8 1 )  th e  f i r s t  few c o e f f i c i e n t s  a re
( iv )
, i  B.c =   P9Tt/2 ( s i n  Ô /5)
36]c/2 ( s in 6 /$ )
ivhere th e  B c o e f f i c i e n t s  a re  g iv e n  in  pa3?t ( i )
A ppendix $A 
C o n sid e r th e  i n t e g r a l s
116,
J g - i l c p e o s a  6(^+8)&% (3A .1)
(5A .2)
w here th e  c o n to u rs  and sire shown i n  f i g u r e  $9*
The shaded  r e g io n s  a re  w here co s « Q kp r e a l  and
p o s i t i v e ,F ig u re  59
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The function G(a) i s  assumed t o  he  an analytic function
w hich i s  r e g u la r  i n  th e  r e g io n s  llniai > w here i s  a  
s u f f i c i e n t l y  l a r g e  p o s i t i v e  num ber<, We a ls o  assume t h a t  
th e  p a th s  o f  i n t e g r a t i o n  YpîYg w ith in  th e  r e g io n s
Imal > N ; and th u s  th e y  can  be  d isp la c e d *  a s  6 v a r i e s
w ith o u t c a p tu r in g  any  p o le s  o f  th e  in te g ra n d s o  We e n su re  
t h a t  th e  end p o i n t s  o f  th e  p a th s  o f i n t e g r a t i o n  a lw ays l i e  
i n  th e  shaded  regions; this e n su re s  u n ifo rm  convergence  o f 
th e  i n t e g r a l s  (3A0I) and (5A.2) f o r  p > 0 , < 0 < I t
w i l l  be  shown t h a t  f o r  p = 0 th e  e x p re s s io n s  ( 3A0I )  and 
(3A,2) a re  a ls o  bounded a t  t h i s  p o i n t .
S in c e  G(a) i s  r e g u la r  f o r  I Imal > IT , th e n  i t  fo l lo w s
t h a t  i n  any band o f  f i n i t e  w id th  A < Re a  < B th e  f u n c t io n
G (a) te n d s  to  a  c o n s ta n t  l i m i t  a s  Im a  ± °». These l i m i t s  
w i l l  be  d e n o te d  b y  G(i™) and G (- i^ )  r e s p e c t iv e ly .  S in ce
th e y  do n o t  depend on 0 i t  i s  s u f f i c i e n t  t o  carry o u t th e
c a l c u l a t i o n  w ith  8 = 0* D eform ing th e  c o n to u r  o f 
i n t e g r a t i o n  to  talce up th e  p a th  shown i n  f i g u r e  40* th e  
i n t e g r a l  (3A.I) can  b e  w r i t t e n  a s ,
^  xe.~3n/2 ^ - ik p  cos ^  ^ - ik p  cos
j^ OO ro, ' i a  —
- I  J  ° ° ® “ G ( a ) d a  .  ( 5 A . 3 )
1 1 8 ,
V ^
i
r ' I  
!
i-'" !
.'-i i  %
J t((,4 ■'T/a,] '
J / '
I - : , :
%  I
J
F ig u re  40
F o r a  s u f f i c i e n t l y  l a r g e  a ,  a > i t  i s  p o s s ib l e  to  assume 
t h a t  G(a) = 0 (1 ^ ) and we can  remove t h i s  te rm  from  u n d e r th e  
i n t e g r a l  s ig n s .  A f te r  d o in g  t h i s ,  b y  v i r t u e  o f th e  
p e r i o d i c i t y  o f  th e  f i r s t  and th e  t h i r d  i n t e g r a l s  o f th e  
e x p re s s io n  (3A*3) th e s e  c a n c e l  each  o th e r  o u t .  T h e  re m a in in g  
second  i n t e g r a l  (an d  t h e r e f o r e  th e  e n t i r e  i n t e g r a l  o v e r th e  
c o n to u r  becom es eq u a l to  -  iG(i«>) i n  th e  l i m i t  a s  p = 0 , 
a  "4 oo.
By an an a lo g o u s p ro c e d u re  on th e  lo w er p a th  o f 
i n t e g r a t i o n  y^- one o b ta in s  th e  r e s u l t  t h a t  i t  i s  e q u a l to  
iG(~i«>) o Thus
J  G((X'}*0)da ~ iG(i<^)
Yl
J  G (a+0)da == iG(*-i«>)
^2
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A ppendix 3B
C o n sid e r th e  f u n c t io n
H ( z )  =
w here g(%) h a s  m u l t ip le  p o le s*  say  a t  % = a* w hich c an n o t 
h e  s e p a r a te d  e x p l i c i t l y  from  g ( z ) ;  and f ( a )  /  0 , The
ijl.1r e s id u e  o f  an m o rd e r  p o le  i s  g iv en  by  th e  w e ll  known 
fo rm u la
z=a
By expand ing  f ( z )  and g (z )  i n  t h e i r  T ay lo r s e r i e s  a t  th e  
p o in t  z E2 a one can  o b ta in  a f t e r  some m a n ip u la tio n  th e  
fo l lo w in g  r e s u l t s :
m » 1 (s im p le  p o le )  
m = 2 (d o u b le  p o le )
g V a T  3 { g ..(a )} 2
m = 3
R es{H (z)} = ^z=a lo { g " ( a ) T ^  2 { g " '( a ) } 2
.M a)..C fiiL C aIi£  .
8 { g " '( a ) } ^
1 2 0 ,
m = 4
Res{H (z)} = «.%=a 2 5 { g iT (a ) )2  3 5 ( g i^ ( a ) ) ^  125{g^^ '(a)}^
., iiCiM  + iM lislkZiânl _ ig&HâklRâl
g"^^(a) 2 3 ( g i^ ( a ) ) ^  1 5 (g i^ (a )} 2
I g l ü W g Z M
5 {g’-^ (a ) )2
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EIEOTEOMAGNETIO DIPPRâCTION BX
A DIELECTRIC WEDGE
1 2 2 ,
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INTRODUCTION TO PART I I
Tlie s tu d y  o f e le c tro m a g n e tic  d i f f r a c t i o n  by d i e l e c t r i c  
wedges i s  o f  p a r t i c u l a r  i n t e r e s t  to  th e  th e o ry  o f d i e l e c t r i c  
w aveguide m a tch in g , N efyodov C l3, Lee and M i t t r a  [23 ; th e  
th e o r y  o f r e s o n a to r s  i n  th e  o p t i c a l  and r a d io - f r e q u e n c y  
ra n g e s  E u r ilk o  [ 3 ] ; r a d io  p ro p a g a tio n  ov e r th e  E a r th  
Glemraow [43; and i n  r a d a r  f o r  th e  e f f e c t  o f s c a t t e r i n g  by 
d i e l e c t r i c  random es and antennae, T r ic o le s  and Rope [53° 
A nalogous p ro b lem s to  t h a t  o f  th e  d i e l e c t r i c  wedge appear i n  
th e  f i e l d s  o f a c o u s t ic s  and e l a s t i c i t y  K rau t C6]«
The o b je c t  o f  th e  p r e s e n t  work i s  to  p ro d u ce  ap p ro x im ate  
e x p re s s io n s ,  u s e f u l  to  p h y s i c i s t s  and e n g in e e rs  for th e  
d i f f r a c t e d  or n e a r  f i e l d ,  f o r  c e r t a i n  wedge a n g le s  and w ith  
c e r t a i n  l i m i t a t i o n s  on th e  m a te r i a l  c o n s ta n ts  o f  th e  d i e l e c t r i c  
wedge.
G hap ter 5 d e a ls  w ith  th e  p rob lem s o f  d i f f r a c t i o n  b y  a 
r i g h t  a n g le  d i e l e c t r i c  wedge whose r e f r a c t i v e  in d ex  (= n )  i s  
l im i t e d  to  a c e r t a i n  ra n g e  o f  v a lu e s .  T h is  p rob lem  h a s  been  
s o lv e d  t h e o r e t i c a l l y  by  a  number o f  a u th o r s ,  Radlow [ ? ] ,
P Io n u s and Kuo [ 8 ] ,  L a tz  [9 3 , K u rilk o  [103 and K rau t and 
Lehman [113 « Radlow , P I onus and Kuo, and K rau t and Lehman, 
s o lv e  th e  prob lem  b y  a g e n e r a l i s a t i o n  o f th e  f u n c t io n -  
t h e o r e t i c a l  m ethod o f W iener and Hopf from  one to  two com plex 
v a r i a b l e s .  T h e ir  f i n a l  r e s u l t  ends up a s  a do u b le  i n t e g r a l  
th e  in te g r a n d  o f w hich in v o lv e s  W iener Hopf s p l i t  f u n c t io n s  
w hich th e m se lv e s  a re  e x p re s s e d  i n  te rm s o f  c o m p lic a te d  
i n t e g r a l s .  They do n o t  simplify t h e i r  f i n a l  r e s u l t s  and as 
P Io n u s and Kuo [83 s t a t e  th e  s o lu t io n s  a re  to o  c o m p lic a te d  to  
b e  o f p r a c t i c a l  u s e .  I t  sh o u ld  a ls o  be m en tio n ed  t h a t  K rau t
124.
and Lehman [113 c la im  t h a t  Radlow *s [? ]  and P lo n n s  and 
ICuo*s [83 s o lu t io n s  a re  i n c o r r e c t .  K u rilk o  [10 ] o b ta in s  a 
s o lu t io n  i n  th e  form of a r a t h e r  c o m p lica te d  system  of 
Fredholm  i n t e g r a l  e q u a tio n s  w hich a re  amenable to  numerical 
computation. H is app roach  i s  an e x te n s io n  of th e  norm al 
one variable W iener Hopf m ethod; h u t  h i s  analysis in v o lv e s  
r a t h e r  t r i c k y  analytic c o n t in u a t io n  and h i s  work i s  not w e ll 
known. L a tz * s  [93 final r e s u l t  ends up a s  an i n f i n i t e  
system  o f  H i lb e r t  s in g u la r  i n t e g r a l s  w hich he  s t a t e s  a re  
s u i t a b l e  for numerical c o m p u ta tio n  but he does n o t  a c t u a l l y  
o b ta in  any e x p l i c i t  r e s u l t  of p r a c t i c a l  u s e .  The m a th em a tica l 
a n a ly s i s  in  c h a p te r  5 i s  n o t  a s  complex a s  t h a t  g iv en  by many 
o f th e  above m en tioned  a u th o rs  b u t  th e  end r e s u l t s  a re  
c o n c e p tu a l ly  more r e l a t e d  to  th e  p h y s ic a l  p ro b lem . The 
r e s u l t s  o b ta in e d  a re  more explicit th a n  th o s e  o b ta in e d  by  
th e s e  a u th o rs .
In  c h a p te r  4  a  g e n e ra l  i n t e g r a l  e q u a tio n  for an i n f i n i t e  
d i e l e c t r i c  wedge o f a r b i t r a r y  an g le  and r e f r a c t i v e  in d e x  i s  
d e r iv e d . In  c h a p te r  4  a s ta n d a rd  p e r tu r b a t io n  te c h n iq u e  i s  
c a r r i e d  o u t b y  means of. a Neumann s e r i e s  s o lu t io n  o f  th e  
i n t e g r a l  e q u a tio n  f o r  r e s t r i c t e d  v a lu e s  o f th e  refractive 
in d e x . The f i r s t  term o f  th e  Neumann s e r i e s  i s  e v a lu a te d  i n  
an e x p l i c i t  c lo s e d  form  f o r  th e  d i f f r a c t e d  f i e l d  in  a l l  sp a c e . 
T h is  c o rre sp o n d s  to th e  R ay le igh -G ans-B orn  a p p ro x im a tio n  
Jo n es [123. S te rn b e rg  . [133 h a s  u sed  t h i s  p e r tu r b a t io n  
te c h n iq u e  to  d e te rm in e  th e  f i e l d ,  diffracted b y  cylindrical 
d i e l e c t r i c  objects; i t  would a ls o  seem (se e  Bouwkamp [1 4 ])  
t h a t  Karp and S o l f r e y  [133 have used th e  method to so lv e  th e  
prob lem  o f  a  d i e l e c t r i c  wedge p la c e d  on a p e r f e c t l y  c o n d u c tin g
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i n f i n i t e  p la n e .
In  c h a p te r  6 th e  f i r s t  te rm  o f  th e  Neumann s e r i e s  
s o lu t io n  i s  o b ta in e d  f o r  an a r b i t r a r y  a n g le  d i e l e c t r i c  wedge, 
when th e  r e f r a c t i v e  in d e x  i s  n e a r  u n i ty .  The approach  i s  
d i f f e r e n t  to  t h a t  u se d  i n  c h a p te r  5 and r e l i e s  on th e  
K o n to ro v ich  Lebedev t r a n s fo rm  and c e r t a i n  p r o p e r t i e s  o f t h i s  
tra n s fo rm  d is c o v e re d  b y  Sm ith [1 6 ] , i n  h i s  i n v e s t i g a t i o n  i n to  
n e u tro n  d i f f u s io n  i n  wedge shaped  r e g io n s .
In  c h a p te r  7 th e  f i e l d  a t  th e  edge o f  a d i e l e c t r i c  wedge 
o f  a r b i t r a r y  an g le  and r e f r a c t i v e  in d ex  i s  o b ta in e d . The 
f i e l d . a t  th e  edge o f a  d i e l e c t r i c  wedge i s  o f  some im p o rtan ce  
when d e a l in g  w ith  d i e l e c t r i c a l l y  lo a d e d  w avegu ides. I f  th e  
f i e l d  t r a n s m i t te d  down th e  w aveguide i s  to o  s t r o n g  th e r e  i s  a 
p o s s i b i l i t y  t h a t  th e  edge o f  th e  d i e l e c t r i c  wedge w i l l  p i t  
and c ra c k  due to  o v e rh e a t in g  cau sed  by  th e  in te n s e  f i e l d  a t  
th e  edge. M eixner [173 o b ta in s  th e  v a r i a t i o n  o f th e  f i e l d  
i n  th e  re g io n  o f th e  wedge t i p  a s  a f u n c t io n  o f  th e  r a d i a l  
d i s t a n c e ,  b u t  he  does n o t  o b ta in  th e  a n g u la r  v a r i a t i o n  o f th e  
f i e l d .
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OEAPTER 4
In  t h i s  c h a p te r  th e  s c a l a r  i n t e g r a l  e q u a tio n  f o r  th e  
two d im e n s io n a l p rob lem  o f d i f f r a c t i o n  o f  an e le c tro m a g n e tic  
wave b y  a d i e l e c t r i c  wedge o f  a r b i t r a r y  a n g le  w i l l  be  d e riv e d -
k\T
\i4
/ \
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I t  i s  assum ed t h a t  a l l - s p a c e  (= V) i s  f i l l e d  w ith  two 
c o n tig u o u s  d i e l e c t r i c  m edia , and w here V = U Y^. 
W ith th e  c o o rd in a te  system  x  = r  cos 0 , y  « r  s in  0 , th e  
d i e l e c t r i c  wedge shaped  p r ism  c o m p ris in g  Y  ^ i s  d e f in e d  by  
{Y^ : 0 ^  r  < «), 0 ^  0 ^  a ,  !z! < ^} and i t s  complement - 
{Y^ Î 0 ^  r  < a  < 0 < 2m, I zl < see  f i g u r e  41 « In  th e
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r e g io n  th e  c o n s ta n t ,  p e r m i t t i v i t y ,  c o n s ta n t  p e r m e a b i l i ty ,  
and c o n s ta n t  c o n d u c t iv i ty  a re  d en o ted  b y  G. ,  and 
r e s p e c t iv e ly ;  s i m i l a r ly  t h e s e  c o n s ta n ts  w i l l  b e  d e n o te d  by  
p.^ 5, and in  th e  r eg io n  I t  w i l l  be assum ed t h a t  th e
r e l a t i v e  d i e l e c t r i c  c o n s ta n t  o f  V. i s  g r e a t e r  th a n  o r eq u a l 
to  u n i t y ,  i . e .  Gg /^t ^  1 .
I f  th e  harm onic  tim e  dependence o f  th e  e le c tro m a g n e tic  
f i e l d s  i s  chosen  th u s :
E ( r , t )  = ,
( 4 .1 )
M a x w e ll 's  e q u a t io n s  y i e l d
AV X H f  icoGE = 0 ,
AV X E -  iwpH = 0 ,
( 4 .2 )
whbre A r o ,  A
G = ^d  ""üT"  ^ , (4*3)
A i  a Aand G “ ? p = in  . ( 4 .4 )
I t  i s  assum ed t h a t  a p la n e  wave ( E . ( r ) , H . ( r ) )  e x i s t s  i n  
th e  r e g io n  V , I f  th e  i n c id e n t  f i e l d  i s  now p o l a r i s e d  such  
t h a t  E b (r)  -  E,. ( x ,y ) k  or H ^ (r) = H j^(x,y)k th e n  Maxwell ' s 
e q u a t io n s  (4 .2 )  re d u c e  to
1 2 8 .
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AEy = 0 , = 0 ,  Eg = , iwcE = k x grad E^y
( 4 .5 )
w here k i s  th e  u n i t  v e c to r  p a r a l l e l  to  th e  z - a x i s .  The 
e q u a tio n s  (4 .5 )  s t a t e  t h a t  i f  th e  p ro p a g a tio n  v e c to r  o f  th e  
prrLraary wave i s  p a r a l l e l  to  th e  d i e l e c t r i c  edge, th e  
p o l a r i s a t i o n  o f th e  se co n d a ry  waves w i l l  rem a in  th e  same a s  
t h a t  o f th e  p r im a ry  wave. As no s u r fa c e  c h a rg e  and c u r r e n t  
can  e x i s t  on th e  d i e l e c t r i c  s u r f a c e ,  th e  t a n g e n t i a l  com ponents 
o f th e  e l e c t r i c  and m ag n e tic  i n t e n s i t y  a re  c o n tin u o u s  a c ro s s  
th e  d i e l e c t r i c  s u r f a c e ,  Jo n es  [1 2 ] . These c o n s t i t u t e  th e  
boundary c o n d it io n  on th e  d i e l e c t r i c  i n t e r f a c e .
• The Maxwell e q u a t io n s  ( 4 .5 )  and th e  above m en tion ed  
b o u n d a ry  c o n d it io n  reduce th e  th r e e  d im e n sio n a l p rob lem  to  th e  
fo l lo w in g  two d im e n s io n a l s c a l a r  p rob lem .
Æ . . . ./ ■>PC
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In  th e  re g io n  d e f in e d  b y  {S^ î 0 r  < «>, 0 4  0 ^  a )  and 
bounded by  0 + 0^ , see  f i g u r e  4 2 ,
( v ^ + k |) u  = 0 , , ( 4 .6 )
In  th e  r e g io n  8 d e f in e d  b y  {8^ i 0 ^  r  < a  ^  0 ^  2%) and
bounded b y  0 4-
(v^ + k ^ ) ( u - u ^ )  = 0 (4 , 7 )
w here u  i s  th e  t o t a l  f i e l d  i n  8 : and u^ i s  th e  in c id e n t
f i e ld .w h ic h  i s  assum ed to  o n ly  e x i s t  i n  8^ and such  t h a t  i t
s a t i s f i e s
(v ^ + k ^ )u ^  = 0 . (4 .8 )
On th e  common b o u n d ary  0 th e  fo llo w in g  b oundary  
c o n d i t io n s  h o ld
’^ (x .y )e s ^  = ' Kx , y ) e s ^  " ^ ( x , y ) e s ^
w here
T „ r ^  .  r , (4 . 1 0 )
z
and n  i s  an a p p ro p r ia te  norm al t o  0 .
In  th e  e x p re s s io n s  ( 4 .5 )  to  (4 .1 0 )  k  and k^ a re  th e  
com plex p ro p a g a tio n  c o n s ta n ts  i n  and r e i ^ e c t i v e l y ,  and 
a re  g iv en  by
130,
k 'V 2 S - Z " i f )
(4 .1 1 )
o r  kV Je «J, ( ,} I  J~Ço' "ï- ^fr/t/0^ fv fOyWlT
p  p  /
^ ^d l ^ d  ‘‘*
o r
k^  =< v/£(j 1 ow/of" f" Gj  ^ Ij  o'fï/uJ" - 6<{ ^ LOjJ^à
Z J  Z
F or G^/G^ 1 , O^/OY ^  1 th e n
(4 .1 2 )
Im k^  Im k^  :$> 0 , Re k^  ^  Re k^  ^  0
A sm all c o n d u c t iv i ty  p a ra m e te r  (o ^ ,a ^ )  i s  in tro d u c e d  to  
e n su re  convergence  d u r in g  th e  e n su in g  a n a ly t i c  m a n ip u la tio n s , 
h i  th e  f i n a l  r e s u l t  we can  assume o = 0 , o. -  0 . ToV 'd
s im p l i f y  th e  work w hich fo l lo w s  i t  w i l l  be  assum ed t h a t
k ^  = 6k^ , 6 1 (4 .1 3 )
i . e .  k^  = Ik ^ le^^  , = Ik^le^ '^  , G > 0 ,
w here G,6 a re  a b s o lu te  c o n s ta n ts .
At th e  v e r te x  o f th e  wedges we assume th e  f i e l d  obeys 
th e  "edge c o n d it io n "  Jo n es [1 2 ] .
g ra d  u  -  0 ( r  ^) g rad  u -  0 ( r  ^)
(4 .1 4 )
u  = 0 (1 ) r  •'}' 0
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where 0 < ^  < 1 and, c o rre sp o n d s  t o  r  € 8^ , and
c o rre sp o n d s  to r € 8.,
The f i n a l  bonn.dary c o n d i t io n  i s  th e  b e h a v io u r  of th e  
f i e l d  a t  i n f i n i t y ,  i.e. th e  r a d i a t i o n  condition. A 
r a d i a t i o n  c o n d it io n  c o rre sp o n d s  to  th e  p h y s ic a l  re q u ire m e n t 
t h a t  i n  a n q n -a b so rb in g  medium th e  f i e l d  a t  i n f i n i t y  m ust 
behave a s  an. o u tg o in g  wave. In  a n o n -a b so rb in g  medium, 
( c o n d u c t iv i ty  p a ra m e te r  z e ro )  w hich h a s  a r e a l  p ro p a g a tio n  
c o n s ta n t  k , Som m erfeld showed t h a t  f o r  a tim e  variation e™^^^ 
o u tg o in g  waves a re  a s s u re d  in  a two d im e n sio n a l domain i f
Idmi r ^  -  ik u ^  = 0 (4 .1 5 )r-y» \  / Imk = 0 .
I f  th e  medium h a s  s l i g h t  c o n d u c t iv i ty  p r e s e n t  th e n
Imk > 0 , (4.16)
and* t h i s  e n su re s  t h a t  th e  f i e l d  decays a s  r  The
Ic o n d i t io n  (4 .1 6 )  i s  th e  r a d i a t i o n  f o r  an a b so rb in g  medium.
V/hen d e a l in g  w ith  two i n f i n i t e  c o n tig u o u s  r e g io n s  w ith  
d i f f e r e n t  p ro p a g a tio n  c o n s ta n t s  i t  i s  n e c e s s a r y  to  have two 
r a d i a t i o n  c o n d i t io n s .  Tlius
In  Imk^ > 0 (4 .1 ? )
lim r® ik^u^ = 0 (4.18)
Imk^ “ 0
In 8^ . Imk^ > 0 (4.19)
1 3 2 .
lim  « 0 , ' (4 ,2 0 )
Imk^ = 0
( 4 , 17 ) and (4 , 19) a re  e n su red  by  th e  c h o ic e  o f  r o o t  s ig n  in
(4 .1 1 )  and ( 4 .1 2 ) .
The i n t e g r a l  e q u a tio n  can  now be d e r iv e d  h a v in g  d e f in e d  
th e  p rob lem . In  two d im e n s io n a l space  i t  i s  w e ll  Imown t h a t  
th e  G re e n 's  f u n c t io n  G ( r , r ' )  f o r  two d im e n s io n a l sp ace  i s  
g iv en  b y
G (r , r *) = 2^  ( k I r - r *1), (4 .2 1 )
w here I r ^ r ' l  = )^  + (y -y ' ) ^  ,
and Imk > 0 ; a ls o  (4 ..22)
( +k^) G ~ , Ô (x -x  ' ) Ô (y«y ' ) , (4  725)
G re e n 's  theorem  in  two d im ensions i s  g iv en  by
w here ^  and if a re  f u n c t io n s  o f p o s i t io n  over a re g io n  S, 
w hich i s  bounded b y  th e  c lo s e d  cu rv e  f ,  see  f i g u r e  4 3 «
•Figure 43
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Over t h i s  s u r f a c e  S and on th e  boun.dary i t  i s  assum ed 
t h a t  jzi', ^ .a iid  th e  f i r s t  and second  d e r iv a t iv e s  o f  jzf and  ^ a re  
c o n tin u o u s .
C o n sid e r th e  s i t u a t i o n  when th e  p o in t  ( x ' ) l i e s  i n  
th e  r e g io n  8 . ,  From th e  c o n d i t io n s  im posed on u  we can  l e t  
vl -  ié i n  G re e n 's  theorem  ( 4 .2 4 ) ;  how ever, th e  G reen ’ s f u n c t io n  
G ( r , r ‘ ) h a s  a d is c o n tin u o u s  f i r s t  d e r iv a t iv e  a t  ( x ’ ,.y’ ) and so 
i t  i s  n o t  p o s s ib le  to  a p p ly  G reen ’ s theorem  w ith  = G u n le s s  
th e  sm a ll r e g io n  ab o u t ( x ’ , y ’ ) i s  c u t  o u t .
/  
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Thus c o n s t r u c t in g  a sm a ll c i r c u l a r  r e g io n  ab o u t th e  p o in t  
( x ’ , y ' )  o f a re a  G and c irc u m fe re n c e  Z, se e  f i g u r e  ^+4, • and 
a p p ly in g  G reen ’ s th eo rem , we o b ta in
J J  (uv^G G v^u)ds = J  (u  G . (4 ,2 5 )
In  th e  r e g io n  8 .^ ^  e q u a t io n s  (4 .6 )  and (4 .2 3 )  g iv e  
uv^G -G v^u  = ( k | - k ^ ) u G ’ ,
1 3 4 ,
w hich on s u b s t i t u t i n g  i n to  (4 .2 5 )  y i e ld s
9G- _ n /'I P  ^ . 2 \ r ' r /„  8 G n _8u'J ( u  G y~ )d^  = (k ‘- -  k ^ )JJuG ds -  |  (u  G -
S o+c^ (4 .2 6 )
Tlie i n t e g r a l  on th e  l e f t  hand s id e  o f th e  e x p re s s io n  
(4 .2 6 )  i s  now c o n s id e re d  f o r  th e  s i t u a t i o n  when th e  sm a ll a re a  
a b o u t ( x ’ , y ' )  s h r in k s  to  z e ro .
V""' f \
d a r ^  = (x -x * )^  + (y -y * )^
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F o r sm a ll r ^
J i .  S r^  itro  '
and on th e  c irc u m fe re n c e  Z, d/  ^ = r^dG; th u s
d6
C le a r ly  a s  r ^  0 s in c e  i s  f i n i t e  a t  ( x ’ , y ‘ ) th e n
Thus (4 .2 6 )  can  now be  w r i t t e n  a s
u (x % y O  = (k^  -  k ^ ) J J  uGds “• J  (u  G ^ ) d ,^  
(x',y’)€S^ 8^ c
We now c o n s id e r  th e  i n t e g r a l
\
Si
__________
135.
lim  r ( )d'^ = n ( x ’ ,y ' ) ( x * ,y ’ ) 6 S .
T X0 . (x® ,y ' ) ^  8^ .
J* (%% ^ G ^ ^ )  d'^ o (4  e 27 )
11
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On th e  bo u n d ary  c^
^  = “  è  ’ H < l ) ( k l r - r ' l )  ~  S ( l ) ( k r )  ~  e l(k r_ % /4 )
^  H O ) ( k r )  ~  -  Ik  y ^ -  y ( k r .% /4 )   ^ ^ rd8  ,
1 3 6 ,
and th u s
lim  J  ( )d/^ ^  J  ik u )  G^"^^d0oCl
^  ^ d u  • i„. \ _ilo?A J  r ^ ( g § - ik u ) e '" '^ d 6
S in ce  Imk > 0 th e n  a s  r
-  i k u ) e ^ ^  -$ 0 , (4 .2 8 )
so t h a t
lim  r ( )ô Â  = 0
®1
Hence (4 .2 7 )  can  now b e  w r i t t e n  a s
u ( x ',y * )  = (k  -  k^) J J  uGds J* (u  G ^ ) h ^  »
(x* ,y* 6S ^  c (4 .2 9 )
w hich s t a t e s  t h a t  th e  f i e l d  a t  a p o in t  in  th e  domain 8^ i s
e q u a l to  th e  s u r f a c e  i n t e g r a l  o f  th e  p ro d u c t uG o v er 8^ m inus
th e  i n t e g r a l  o v e r th e  common b oundary  c be tw een  S^ and 8 ^ .
By an an a lo g o u s p ro c e d u re  f o r  a  p o in t  i n  th e  r e g io n  8^ , 
se e  f i g u r e  47? one o b ta in s ,
■n(x*5y’ ) = (k'^ — k ^ )  J J  uGds + J  (u  ■|^)d'^ « ( 4 «38)
(x\y’)€8^ 8^ c
1 3 7 .
G /
/JTL( s / . /
F ig u re  4-7
The d i f f e r e n c e  i n  th e  s ig n  i n  th e  second i n t e g r a l  on th e  -  - 
r i g h t  hand s id e  o f  th e  e x p re s s io n s  (4 .2 9 )  and (4 .3 8 )  i s  d u e . 
to  th e  f a c t  t h a t  th e  norm al i n to  i s  o p p o s i te  to  t h a t  i n to
Bd' The c o n t r ib u t io n  to  u ( x * ,y ’ ) ,  when ( x ' , y ’ ) 6 S , from
th e  i n f i n i t e  c i r c u l a r  s e c to r  Cg i s  g iv en  by.
J  (
C, a
V
(4 . 31)
a s  r  ”î> b e ca u se  Imk > 8.
By ad d in g  th e  e x p re s s io n s  (4 .2 9 )  and (4 .3 8 )  th e  sum o f 
th e  l e f t  hand s id e  w i l l  g iv e  u ( x ‘ , y ‘ ) f o r  a l l  sp a c e , i . e .
U S^,. Thus
1 3 8
.2ü (x * .,y ’ ) .= (k  -  k^) J J  uGds + (k  -  k^) J |  uGds
: 8a 5y
. p f / ' , ,  ^8 .  ôu \ /  ÔG .  ô-u.\
• J L ( “ 5-î “ = e s /  S B ,
(4 .3 2 )
w here ( ) (%,y) € 8 t h a t  th e  q u a n t i t i e s  i n s id e  th e
b r a c k e t  app roach  th e  v a lu e s  (% ,y) on C from  th e  r e g io n  8 ^^  
and ( ) ^ ^ ^ ^  g g means t h a t  th e  q u a n t i t i e s  i n s id e  th e  b r a c k e t
ap p ro ach  th e  v a lu e s  o f  (% ,y) on C from th e  r e g io n  S^» The 
edge c o n d it io n  (4 .1 4 )  e n s u re s  t h a t  th e  i n t e g r a l s  e v a lu a te d  i n  
th e  r e g io n  o f  th e  o r ig in  a re  bounded«
A pply ing  th e  bou n d ary  c o n d i t io n s  (4 .9 )  to  th e  e x p re s s io n  
(4 . 52) g iv e s
u ( x ' , y ’ )- = ( k ^ - k | )  J J  uGds + (k^ - k ^ )  J J  uGds
o r
u ( x ' , y ' )  = (k^ -  k^) J*| uGds + ( k ^ -■ Iç^) uGds
+ 0 “ “ ) J g / ^ ^ ' )  d-ê . (4 . 34)'  ^ W ( x , 7 )  6S.^
The c o n d i t io n s  o f  c o n t in u i ty  o f th e  f i e l d  and i t s  norm al 
d e r iv a t iv e  a c ro s s  0 a re  a u to m a t ic a l ly  b u i l t  i n to  th e
■ . 139.
e x p re s s io n s  ( 4 .3 2 ) ,  (4 .3 3 )  and ( 4 .3 4 ) .  As a check  a p p ly in g
I pV to  (4 . 33) assum ing (%’ ) 6 g iv e s
V u ( x ’ “ (k  -  k ^ ) J J  u ( -  k  G + 6 (x - x ’ ) 6 ( y - y ’))ds
(k^  -  kH) r r  u ( -  k^G )ds -J- (1 -T ) f ( -  k^G) ?
V
V ^u(x* ,y* ) = - k ^ (k^ ™ k ^ ) I J  uGds 4* (k^ -  k^) 
8v
X r r uGds ‘5* ( 1— T ) f G d/^
s ;  G ^® ” 7 x , y )  6 8^_
+ ( k ^ - k | ) u ( x *  , y ‘ ) 5
k ^ u (x ‘ ,y * )  + ( k ^ -  k |)u (x *  ?y‘ ) = -  k f ( x ‘ , y ’ ) ,
a s  ex p ec ted ,
In  th e  r e g io n  th e r e  e x i s t s  a p r im a ry  p la n e  wave 
s o u rc e , u ^ , and th u s  f o r  p o i n t s  i n  t h i s  r e g io n  th e  f i e l d  u  can  
b e  r e p la c e d  b y  u -u ^  b y  v i r t u e  o f (4 .7 )  and (4 * 8 ) .
T h is  e x p e d ie n t i s  in tro d u c e d  in  o rd e r  t h a t  th e  
g e o m e tr ic a l  o p t ic s  and d i f f r a c t e d  f i e l d  can be  e a s i l y  
d i s t in g u i s h e d .  Thus (4 .3 3 )  and (4*34) become
u ( x ',y * )  = {Uçj(x* ,y ') H ( 0 - a )  + ( k ^ - k ^ )  J J  u^Gds),
«V
^ -k ? )  rru G d s + ( k ^ - k h  r r  uGds + (1 -T ) r% V i  V  “ d
(4.35)
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u ( x '  , y ' )  .  =  T u j j C x ' , y ' ) H ( e - a )  +  ( f c ^ - k ^ )  J J  u ^ G d a
Sv
+ (k^—k ^ ) r r  uGds 4- (k^—k^) T f uGds f x  — P d f  ,^  ^ \  -^4^ V ô V (^ ,y )  6S ^
(4 .3 6 )
w here H(x) = 1 f o r  x  > 0 , H(x) = 0 f o r  x  < 0 .
F o r th e  s p e c i f i c  p rob lem  o f  d i f f r a c t i o n  o f  an E - p o la r is e d  
wave b y  a p e r f e c t  d i e l e c t r i c  w ith  s l i g h t  c o n d u c t iv i ty  = p.., 
and th e r e f o r e  t = 1 , so t h a t  (4 .3 5 )  and (4*36) red u c e  to
n ( x ' , y * )  = ^ u ^ (x ’ , y ’ )H (8 -a )  ( k ^ - k ^ )  J J u ^ G d s j
+ (k ^ -k ^ )  J J  w G d s-h (k ^ -k |)  J J  uGds . (4 .3 7 )
®d
The te rm  in  th e  c u r ly  b r a c k e t  o f (4 .3 7 )  i s  a  known 
fu n c tio n *  The e x p re s s io n . (4*37) can be w r i t t e n  i n  th e  
o p e r a t io n a l  form
u = T [u] (4 .3 8 )
where
T[ ] = U q  + (k2~ k |)  J J  [ ]Gds + (k ^ -k ^ )  J J  [ ]Gds
®d «V .
"Wjj = [ % ( % ' , y '  )H (0 -a )  + (1;^ -  k^) J J  u^Gds 1 .
, ..
A Nemaann s e r i e s  s o lu t io n  to  (4 .3 8 )  i s  o b ta in e d  b y  th e  
i t e r a t i o n  scheme
V a  = ' %  - 1x>0 , (4.39)
so t h a t
I t  i s  now n e c e s s a ry  to  p ro v e  t h a t  th e  s o lu t io n  g iv e n  b y  th e  
i t e r a t i o n  scheme e x i s t s  and i s  u n iq u e , and what c o n s t r a i n t s  
m ust be  p u t  on k . , k .
Theorem 1*
I f V k ( x * ,y ')  € w) i . e .
oo ^
I 12 ~ I I  l1/^ l^dx'dy‘ j  <
and
0 < I I I  G ( x ,y ,x ’ ,y* )d x ’d y ’ I <
th e n  th e r e  e x i s t s  a  v a lu e  o f  IXI(= m ax(lk^-k^.l , Ik ^ -k ^ i ) )  w ith
0 < IXI < «», such  t h a t  th e  f u n c t io n  u ( x ',y * )  s a t i s f y i n g  th e  
i n t e g r a l  e q u a tio n  (4*37) h a s  a  bounded norm , i.e.
1 lu(x* ,y* ) I I < oo.
P ro o f  :
From (4.37)
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lu ( x ' s y ') l  <2 = I j ^ ( x '  , y ‘ ) + (k^~k^)J‘JuGaxdy + (k^™k|)
JJuGdKdyM
®d
I 4’ IX! j j JJuGcbcdy 4- j'J'uGdxdyj j
^  ^
l1/t 1 12 .{. I Xl||j|uG(ixdy[ I ^
= I ip 4' IXI |^ JJ ( |Ju G d x d y )^ d x 'd y ’ ,
-oo OM.OO 
CO oo
^  I 1 1 ^ I I 2 • A l ^ | | [ | | Iu l  ^ d ^ c d y j | G ^ d x d y ] d x ’ d y ’ j  ',
b y  S c h w a rtz ’ 8 i n e q u a l i t y ,
^  G ^ (x ,y ,x ’ ,y ')< bcdydx’d y ‘ I lluU p
— O o
and s in c e  G i s  sy m m etrica l i n  ( x ,y )  (%’ , y ’ ) th e n
o r
I lu l I 2 < I 11/^1 I
1 -  IXI I JjG dxdyj
Thus th e  c h o ic e
IXI rGdxdv < 1
143 '
ensures that I lul I g <
Theorem 2 .
For 0 < IXI < I I I  Gcbcdyj and u ( x ’ , y ’ ) i n  th e  com plete
norm ed l i n e a r  space  Lp,
Tu = ,y * ) 4- ( k ^ - k ^ ) | |  uGdxdy 4- ( k ^ - k ^ ) | |  uGdxdy
i s  a  c o n tr a c t io n  m apping w ith  r e s p e c t  to  th e  Lp norm . Hence 
th e  i n t e g r a l  e q u a tio n
Tu = u
h a s  one. and o n ly  one f ix e d  p o in t  w hich b e lo n g s  t o  Lp* T h is  
f i x e d  p o in t  ( s o lu t io n  o f th e  i n t e g r a l  e q u a tio n )  i s  th e  l i m i t  
o f  s u c c e s s iv e  a p p ro x im a tio n s  converging in  Lp norm to  u .
P ro o f ;
L e t u ( x ’ , y ’ ) and v ( x ’ ,y * )  b e lo n g  to  Lp f u n c t io n  sp a ce ;
th e n
Tu-TvI Ip (k^-k^) I I  (u -v )  Gdxdy + (k ^ -k ^ ) ||( u -v )G d x d y | j
8d
^  IXI I I I I (u -v )G d x d y [ |
< I X I i l l  G dxdyj1lu - v l I p
I'U'b y  S c h ja rtz ’ s i n e q u a l i t y
1 4 4
w hich shows t h a t  Tu i s .  a  c o n t r a c t io n  m apping w ith  r e s p e c t  to  
th e  Lp norm p ro v id e d
(4 .4 0 )
The rem a in d e r of th e  theorem  i s  a  consequence o f  B anach’ s 
f i x e d  p o in t  theorem  and. th e  f a c t  t h a t  th e  norm ed f u n c t io n  
sp ace  Lp i s  complete.
From the way % ( x ’ ) i s  d e f in e d  assum ing > 0
i t  i s  e a s i l y  shown t h a t  < «°. The I n t e g r a l  i n  th e
i n e q u a l i t y  (4.40) i s  now e v a lu a te d  to  g iv e  an e x p l i c i t  ra n g e  
f o r  IX!o
CO o o  ._________  ____  ___
I I I  Gdxdy I = I I  ( k Y ^ - x ’ )^  + (y-y* )^ )d x d y j
and u s in g  th e  w e ll  Icnown r e s u l t ,  Morse and F eshhack  [1 8 ] , 
page  823,
H ( ^ ) ( k l r - r ’ I)
gives
I I  Gdxdy
II i u  ( x -x  * ) -f iV ( y-y ’ )gu  •t-v"-“k dudv
o o  CO
II  II ■ lu x - iv y4’n:2 dxdy
l u x ’4-iv y 'e . —  dudv , 
u  +v - k  I
iux* 4-ivy '
f f  ô (u )ô (v )  PT—9 dudv Ik
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Hence from  (4 .4 0 )  th e  s o lu t io n  by  i t e r a t i o n  e x i s t s  and i s  
u n iq u e  f o r
— <C 1  o ( 4 - * 4 l )
Up to  now k  i s  a r b i t r a r y  except, t h a t  Inilc > 0 , how ever 
th e  i n t e g r a l  e q u a tio n  ( 4 .3 7 ) ,  and c o n se q u e n tly  th e  i t e r a t i o n  
c a l c u l a t i o n s ,  can  be c o n s id e ra b ly  s im p l i f i e d  b y  c h o o sin g  a 
s p e c i f i c  v a lu e  f o r  k. Thus s e t t i n g  k = k and r e s t r i c t i n g  
( x ' , y ’ ) G th e n  (4 .3 7 )  becom es
u ( x ‘ , y ‘ ) “ u ^ ( x ’ , y ’ ) 4- ( k ^ - k ^ ) | |  uGds , (4 .4 2 )
8d
(x',y') € ,
and th e  i n e q u a l i t y  (4 .4 1 )  becom es
< 1 a  Ini < / 2  (4w43)
where n(=  k ^ /k ^ )  i s  th e  com plex r e f r a c t i v e  in d e x  o f th e  
d i e l e c t r i c  wedge. S in ce  b y  hypothesis Ini > 1  then th e  
ra n g e  o f Ini f o r  i t e r a t i v e  s o lu t io n  o f (4 .4 2 )  i s  1 <  Ini < / 2 .  
U sing  th e  i t e r a t i o n  scheme th e  E ayleigh-G an.s-B orn
p  pa p p ro x im a tio n  f o r  th e  f i e l d  i n  8 up to  th e  o rd e r  of (k.,  ^-  k^) 
i s  g iv e n  from  (4 .4 2 )  a s
u ( x ‘ , y ' )  = Uç^(x’ , y ' ) - i - ( k ^ - k | ) J |  u^Gds + OC(k^ -  k | ) ^ ]
.. S d
( x ’ , y ’ ) € 8.^.. (4 .4 4 )
To o b ta in  th e  f i e l d  i n  l e t  k  -- k^ and r e s t r i c t
1 4 6 ,
( x ' < z  80 t h a t  ( 4 .3 7 )  b e c o m e s
u ( x ' , y ' )  = ( k ^ ~ k |) J J ’ u^Gds + ( k |~ k ^ ) J |  uGds (4 .^ 5 )
■ ^
(%' ! y ')  e
and th e  I n e q u a l i ty  (4 .4 1 )  becom es
I I  ~ l / n ^ l  < 1 =9 Ini > ,
a n d .s in c e  Ini ^  1 th e n  th e  ra n g e  o f  n  f o r  an i t e r a t i v e  
s o lu t io n  o f  (4 .4 5 )  i s  1 ^  Ini < U sing  th e  i t e r a t i o n
scheme th e  R ay le ig h -G an s-B o rn  a p p ro x im atio n  f o r  th e  f i e l d  in  
up to  th e  o rd e r  o f (k^  -  k ^ ) i s  g iv en  from  (4 .4 5 )  a s
u ( x ’ , y ' )  = ( k ^ - k | ) J J  u^Gds + 0 [ ( k 2 „ k | ) 2 ] (4 .4 6 )
®y,
(x* ,y * ) € 8^ .
i t  w i l l  be  n o t ic e d  t h a t  b y  th e  c h o ic e  o f  k  f o r  th e  r e g io n  
an d .S ^  th e  G reen*s f u n c t io n  a p p e a rin g  in  (4 .4 2 )  w i l l  
in v o lv e  k ^ , and i n  (4 .4 5 )  w i l l  in v o lv e  k ^ , so t h a t  on c a r r y in g  
o u t th e  i t e r a t i o n s  th e  d i f f r a c t e d  f a r  f i e l d s  i n  8 . and 8  ^ w i l lCL V
have th e  c o r r e c t  p ro p a g a tio n  c o n s ta n ts  g iv in g  o u tg o in g  waves 
a t  i n f i n i t y .
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OHÆPTER 5tttsaeaessr
The r e s u l t s  o f c h a p te r  4 w i l l  now h e  u se d  t o  o b ta in  
th e  d i f f r a c t e d  f i e l d  when an E - p o la r is e d  p la n e  wave i s  
in c id e n t  on a r i g h t  a n g le  d i e l e c t r i c  wedge ( a  = 71/2).
\r
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The in c id e n t  p la n e  wave i s  g iv en  by
Uo = E ^ (x ,y )
i k  fx  COS e„+y s in  8 . )= e ° °  0 < e ^ < T t/2
The R ay le ig h -G an s-B o rn  a p p ro x im a tio n  of th e  f i e l d  i n  8 i s  
g iv e n  b y  (4 .4 2 )  i n  t h i s  c a se  a s
Eg(% ,y)
k'
HoYkj[ E m')dxclu'
sa
(5 .1 )
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w here u  = E ; and G i s  g iv en  h j  (4 .2 1 )  w ith  k  =2 k^< 
More explicitly ( 5 .1 )  can  be written as
E g (x ,y )
{^00
4 o O
■>• O [ ( feV
( 5 .2 )
w here th e  i n t e g r a t i o n  i s  c a r r i e d  o u t over th e  f i r s t  q u a d ra n t 
The e v a lu a t io n  o f (5» 2) i s  a c h ie v e d  by  u s in g  th e  w e ll  known 
i n t e g r a l  r e p r e s e n ta t io n  of th e  H ankel function, t o  w it
eO
^  (y - ir
Lv)(ac~xO I y “ y' I 
_— à
,00
p/
In  th e  work w hich fo l lo w s  th e  sq u a re  r o o t  w i l l  b e  d e f in e d  b y
k ^ -  = k^  o r  Im / k ^ -  > 0. ^ b s t i t u t i n g  (5*5) and
fo rm a l ly  in te r c h a n g in g  th e  o rd e r  o f i n t e g r a t i o n  one o b ta in s
I h.\rC^ C <^osGc5 4" y
E ^ (x ,y )  = ^z
4 l(  k V  i C r l
cocor
(iv
.00
e
i (v (X“X')f ktr (%^CoSOa'i" y SlK 0o)
cly'
o o
f  0 L (  k i’- f c O ’’]  . <5 .4)
The p re s e n c e  of th e  te rm  Iy-y* I i n  th e  e x p re s s io n  (5.4) 
requires t h a t  one c o n s id e r  th e  o b s e rv a t io n  p o in t  (%,y) € 8 
i n  each  q u a d ra n t s e p a r a te ly .
1 4 9
(x^y ) i n  th e  second  q u a d ra n t | ^  ^  8 ^ TC«sseA^AR^eihe-i^iMfAtectru-ustfsœoai
— <v
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In  th e  domain th e  i n t e g r a t i o n  m ust be  c a r r i e d  ov e r two 
r e g i o n s 5 one w here y ’ > y  and th e  o th e r  w here y ’ < y , see  
f i g u r e  4 9 o Hence (5*4) becom es
ifT
ca
€ &
- 0 0 vTIv- w'
ku-slv\Oo" / b V  )D ' f  iO«»-coS6 o -C I G d“' ' "lÿ 1 6
o
4-C
cO «»
[  i ( k v r S U \ O o f  tC k o -c o s G o -v )^ ')
(i%
3C< O ( 5 .5 )
1 5 0 ,
C a rry in g  o n t th e  and y* in te g r a t io n ;  n o tin g  t h a t  s in c e
Im k  > 0 , Im / k ^ “ > 0 and co s  0^ > 0 , s in c e  8^ > 0,
0 < 0^ < th e n  convergence  a t  th e  i n f i n i t e  l i m i t s  i s  
a ssu re d ?  th e  term  i n  th e  sq u a re  b r a c k e ts  becom es
a<ü
a e
.(O (f ktr Cos8o^C V“
d ± ___________   ^
\/ V®- ( —
y  > 0 , X < 0
kirS‘üh0e  kvrCoS ( 5 «6)
T h e  f i r s t  i n t e g r a l  o f  th e  e x p re s s io n  (5*6) can  be  e v a lu a te d  
e x a c t ly  and i n  f a c t  r e p r e s e n t s  th e  r e f l e c t e d  fie ld ®  The 
second  i n t e g r a l  h a s  th e  f a m i l i a r  form  o f th e  d i f f r a c t e d  f i e l d ,  
and can  o n ly  b e  e v a lu a te d  a sy m p to tic  ally®  E v a lu a tio n  o f  th e  
i n t e g r a l
I* , X < 0 o ( 5 .7 )
(v  + k ^  co8 0 Q ) ( v - k y  cos 8g)
From th e  form  o f  (5  = 7) Jordan's Leiïima can b e  a p p lie d  d d .re c tly  
and th e  r e a l  a x is  o f  i n t e g r a t i o n  can be c lo s e d  by  an i n f i n i t e  
s e m i- c i r c le  below  th e  a x is  Imv = 0« The o n ly  s i n g u l a r i t i e s  
t h a t  o c cu r in  th e  v=»plane a re  a  doub le  p o le  a t  v ~ co s 0^ 
and a  simiple p o le  a t  v = -k^. co s  0^? see  f ig u r e  5 0 ®
Remembering t h a t  Imk^ > 0 and 0 < 8^ < $  th e  o n ly  s i n g u l a r i t y  
t h a t  i s  e n c lo se d  b y  th e  c lo s e d  c o n to u r  i s  v ™ -k ^  co s  0^ , and
1 5 1 .
an a p p l i c a t io n  o f C au ch y 's  r e s id u e  theorem  g iv e s
'ik y c co s 0TCi e
2kÇ cos'^ 0Q ( 5 .8 )
/^ XlVlP
ku*cos0
* t  v/" C-O S' 0 o
.R.S V
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The rem a in in g  i n t e g r a l  i n  th e  e x p re s s io n  (5*6) can  he  
r e - w r i t t e n  a s
oO / ——.jv v^ ' y )
I kySmOo -V- j))  ^ ^  > o  ;
(  V "* k vr Co S OoT C ^f kvCoS ©C.) J lA " ( 5 .9 )
b y  u s in g  th e  i d e n t i t y
( k ^  s i n  0 ^ «  /  k y -v ^ ) (k ^  s i n  0^ -s-
POM-^ÿxi^itire-eaÉïw P P P V -IÇ c o s"^  0^
On th e  Riemann. s h e e t  we a re  u s in g  Iro. /  > 0 and th e r e f o r e
th e  n u m era to r o f (5  = 9) does n o t  v a n is h  on t h i s  s h e e t  s in c e
1 5 2
Imlc^ s iu  0Q > Oo Thus th e  i n t e g r a l  (5«9) h a s  b ra n c h  p o in t s
at V = i k , a  simple p o le  a t  v 0 0 8  8 ^ , and a d o u b le
p o le  a t  V = k.^ co s 0 ^ , see  f i g u r e  51.
-hvCosSo
—kv
Figure
The ap p ro x im ate  e v a lu a t io n  o f  th e  i n t e g r a l  (5  = 9 ) can be 
c a r r i e d  o u t b y  means o f  th e  sa d d le  p o in t  m ethod h a u w e rie r  [ 19] 
for kr »  1. A more g e n e ra l  type of i n t e g r a l  th a n  (5*9) i s  
a s y n p t o t i c a l l y  e v a lu a te d  i n  append ix  5A and t h i s  r e s u l t  can  
b e "u s e d  to  e v a lu a te  (5 .9 )*  In  th e  p ro c e s s  o f a s y m p to t ic a l ly  
e v a lu a t in g  (5*9) the r e a l  p a th  o f i n t e g r a t i o n  i s  v e r t i c a l l y  
d is p la c e d  such  t h a t  i t  ru n s  tliro u g h  th e  sa d d le  p o i n t ,  w hich i n
(5*9) is Vs k  cos 0 , see  ap p en d ix  5A< The sa d d le  p o in t
7Ül i e s  below  th e  a x is  Imv = 0 , b e c a u se  Imk^ > 0 and ^  0 ^  x,
In  s h i f t i n g  th e  r e a l  a x is  of i n t e g r a t i o n  so t h a t  i t  ru n s  
th ro u g h  th e  sa d d le  point there i s  a  p o s s i b i l i t y  that a p o le  
can  be  c a p tu re d  and a ls o  th e  p o le  can  be i n  th e  v i c i n i t y  of 
th e  sa d d le  p o in t  S in ce  the sa d d le  p o in t  l i e s  below
Imv = 0 the o n ly  s i n g u l a r i t y  that can  be captured i s  th e  ■
155'
sim p le  p o le  v -  co s 0^® Two p o s s ib le  s i t u a t i o n s  o c c u r ,
se e  f i g u r e  52*
c a se  (1 ) > 0 => - ( c o s  0_ + co s  6) > 0 # 0 + 0 > xP 8
c a se  (2 ) < 0 - ( c o s  0^ + co s  8) < 0 =» 8 + 8^ <
se e  append ix  5A and 5B.
À • .L fevr63&0€1 ! 
I  I
!!
ky-coS©
c a se  (1 )
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Case ( l )  0 4- 0Q >
AÏ  tv\V
* - fevrCoS Ott I
c a se  (2 )
 ^ In  s h i f t i n g  th e  r e a l  c o n to u r  o f i n t e g r a t i o n  th e  p o le  
co s 0^ i s  c a p tu re d  and th e r e f o r e  i t s  r e s id u e  c o n t r ib u t io n  
m ust be  in c lu d ed *  Thus
00
.00
\ l C SC(a06— kirCoS©<^
^ikvO u,0^do -  y sùa8o)
J L ( l€ ____
k\r CaS^©( L  H L K 0 ) ( c ^ 6 % r (5 = 10)
154,
c o s ( 0 4 - e g ) / 2  c o s ( 0 ~ 0 g ) / 2
 ^ /y V I s in  01 ^
and /  k£ -  = k.^ s i n  0 s in c e  Im ^ k ^  -  v^> 0 .
Case (2 ) 0 -f 0^ < n
No po le , i s  c a p tu re d  i n  defo rm ing  th e  c o n to u r  o f 
i n t e g r a t i o n  and th u s  from  (5A el2)
€
,00
ro
J ”fe^  " {kySCK0o “■ )(^ V-~ kvrCosCo)
zrr L“ZQ] FC-a')
kwH CsinOo"” ©')^coc;9ç,““ cos6?) ( 5 « 11 )
Hence (5=6) becom es
r^TT 2 (S L F ((3 l,)€
irM (slv\0Q- (cos00- COS©)
© t 0o<  Tr
- ric  ^ /2JL -"2aF(:Q)€
(5 . 12)
Wco&^Co J ko‘P kw'(sÿ/\,BcrSW4^(L>S^-CoS0) ( 5 *13)
8 0^  > nr o
S u b s t i t u t in g  (5=12) and (5=13) in to  (5=5) g iv e s  
Case (1 ) 0 + 0 Q > T t , $ ' ^ 0 < i t ?
t-oSG*}
(5 .1 4 )
15 5 '
Case (2 ) 6 *1- 0^ < TE ? ^  ^  0.^TC
. -.Uv(xco&0o “ y.sh'8o')
E = e  _ i n l i l e .z
4coS "^0o
, - a o F F o )
2  \/2nktr(^ CsôaB©*"S.iM,0')Ccc>s0o coS©') (5 .1 5 )
The second  te rm  i n  t h e  e2q ? re s s io n  (5 .1 4 )  c o r r e ^ o n d s  to  th e  
r e f l e c t e d  f i e l d ,  w hich one w ould ex p ec t i n  t h i s  r e g io n ,  se e  
f i g u r e  53=
w
F ig u re  53
( x ,y )  i n  th e  t h i r d  and f o u r th  q u a d ra n t ; tc 4  0 <  27t
In  th e  domain 8 .  th e  i n t e g r a t i o n  can  h e  c a r r i e d  o u t in  
one o p e ra t io n ,  th e r e  b e in g  no n e c e s s i t y  to  b re a k  up th e  y ' 
i n t e g r a t i o n  b e ca u se  everyw here  i n  8 . y® > y* Hence (5*4-) 
g iv e s
156 ,
E „ (x ,y )
I lîir(xcosSo+ysuH e»")
00
v-v®-
t (V i-k v C o S ^ % ' 4  k\r ^
I dy*
(5.16)
C a rry in g  o u t th e  x* and y ' i n t e g r a t i o n ;  n o t in g  t h a t  s in c e
p p ^Imk > 0 ,  > 0  and 0 < 8^ < 2 th e n  convergence  a t
th e  i n f i n i t e  l i m i t s  i s  a ssu re d ?  th e  te rm  in  th e  sq u a re  b r a c k e t s  
i s  e q u a l to
00
e (vx -
c^o ( 9 — kyC<?S©o^ CkvrSW'vOo *t
(5 .1 7 )
T h is  i n t e g r a l  can  b e  e v a lu a te d  by  a  s t r a i g h t  fo rw a rd  
a p p l i c a t io n  o f  th e  r e s u l t  i n  append ix  5A® B efo re  t h i s  r e s u l t  
can  b e  a p p lie d  th e  r e l a t i v e  p o s i t i o n  o f  th e  p o le s  and sa d d le  
p o in t  ( v  = k ^  co s e ) m ust be  considered®  The o n ly  p o le  t h a t  
o c c u rs  i n  th e  v^p lane?  w hich a p p e a rs  i n  th e  i n t e g r a l  (5  = 17) i s
■..i.J .nil
k„. co s 0_« The te rm  (k  s in  0 /k £ - .v ^ ) '" ^  i s  r e g u la rVp = ou a^e J.JÜ.Ü ver rxj. -S’ J
th ro u g h o u t th e  chosen  Eiemann s u r f a c e  s in c e  I m . sp' > 0
and Imk.^ s in  0^ > 0®
The p o le  Vp -  k^, co s  0^ l i e s  above th e  l i n e  Imv 0®
In  th e  t h i r d  q u a d ra n t n ^  0 3'n:/2 and t h e r e f o r e  Im (k^ co s 0) <  0,
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Thus i n  s h i f t i n g  th e  r e a l  a x is  to  make i t  ru n  t h r o n g  
Vg.(= 008 8) th e  p o le  Vp i s  n o t  captured®  In  th e  f o u r th
q u a d ra n t th e  sa d d le  p o in t  can  l i e  below  Imv = 0 b ecau se  
%  6 271, and t h e r e f o r e  th e r e  i s  a p o s s i b i l i t y  t h a t  th e
p o le  can  be c a p tu re d  o r  come c lo s e  to  th e  s a d d le  p o in t  in  th e  
a sy m p to tic  e v a lu a t io n  o f  (5=17)* A pplying th e  r e s u l t s  
(5A®11) and (5A®12) d i r e c t l y  to  (5*17) g iv e s  th e  two c a s e s
c a se  ( l )  Im (vp“ Vg)e‘”^^'^^ > 0 => (c o s  0^ - co s 0 ) > 0 =» 8 + 8^ < 27t
c a se  (2 ) Im(Vp«Vg)e“ ^^^^ < 0 (c o s  0^ -  co s 0 ) > 0 =» 8 + 8^ > 2%
i  o e o
c a se  (1 ) po
ô (v x -A S -v 'y )  , e     d»
,os> {v— -I- \l
A/ iJL 2GiF(^Q^ C
k\r^ &r(sÙK0o-SÙ^0)(coS0o- CoS©) (5. 18)
N.B. / -  v^ = k^  s in  8 , s in c e  Im / k^ -  v^ > 0,
c a se  ( 2 ) <?o
c (9% “* y
CV“ kxrCo£>0o}(^  kvySÙ'vO’o 4-
/V J j l L
k\r
2 yt (ku.riTT/4)
b\r( sC4ABp-sh\8^(c&s80-CoS0) (5*19)
S u b s t i t u t in g  (5=18) and (5=19) i n to  (5=16) g iv e s  f o r
1 5 8 .
^  G <  27T; 0 < 8 _  < TC/2, 8 -{- < 2%
iL  (3C co&8o4 y t (kf ri-TT/ff.)E _ (x ,y )  = C 2_G^E(A)_C_________ _
2  \ /2 u h v 7 C s y A  0o-SÙ a© ')C  CoS,0 0 -  COS. S ')
+  0 [ ( h : L | r ]  ( 5 .2 0 )
% ^  6 ^  271; 0 < 0^ < V 2 ., 6 t  8^ > 27i
i kf(xcoS %, 4 y SÙA0()) i, ktf (xcc,ë0o~ M-S,Ja Oo)
E f x ,y )  = €  + i L z J î îL ê . .
+  i-C aZ D -g . ^ o l  ( a v  ,Y]
x /z T rE T t^  (’sÙA0o“ SCu0')(t«s©o-toS0') /c
The g e o m e tr ic a l  o p t i c s  te rm s i n  th e  e x p re s s io n s  ( 5 «15) and 
( 5 «21) r e p r e s e n t  th e  i n c id e n t  and r e f l e c t e d  waves from  th e  
wedge f a c e s .  The a m p litu d e  o f  th e  r e f l e c t e d  waves c o rre sp o n d  
to  th e  F r e s n e l  c o e f f i c i e n t s  when expanded to  th e  o rd e r  ( n ^ - l ) . 
Thus
fevr ^hx0Q -  i  ~ O tC w k l) ’'! ^
4- y kj -  kvr tos^ G*o k* Sh<%^ &q
k y rC o S 9 o J  kd — ly  S Cvd9o _  (\~yiO (hF
W  C^ S 00 i  “ klr SÙaIGo M- CoS^ Oo
H aving  f o u n d .th e  f i e l d  o u t s id e  th e  d i e l e c t r i c  wedge we now 
p ro c e e d  to  f i n d  th e  f i e l d  i n s id e  th e  d i e l e c t r i c  w edge.
. . 159=
( x ,y )  i n  th e  f i r s t  q u a d ra n t
The a p p ro p r ia te  i n t e g r a l  e q u a tio n  f o r  t h i s  re g io n  i s  
g iv e n  b y  (4®45) , and th e  E ay le igh -G ans«B om  a p p ro x im a tio n  i s  
g iv e n  b y  (4®46)? i . e .
E g(x?y) =  ^ ka) ) àx'
^  Sv
i . o [  ( l a - t A ) ' ] ,  (5 .2 2 )
w here th e  i n t e g r a t i o n  i s  c a r r i e d  o v e r th e  seco n d , t h i r d  and 
f o u r th  quadrant®  The e x p re s s io n  (5=22) g iv e s  th e  c o r r e c t  
p ro p a g a t io n  c o n s ta n t  f o r  th e  r e g io n  S^ ® U n fo r tu n a te ly  i f
th e  in c id e n t  p la n e  wave u se d  up to  th e  p r e s e n t ,  i . e .
. i k  (x* co s  0 *Fy’ s in  0 )Eg. = e 0 < 0^ < %/2 i s  s u b s t i t u t e d  in to
th e  e x p re s s io n  (5*22) th e  r e s u l t i n g  i n t e g r a l s  become d iv e rg e n t
s in c e  > 0 and o v e r th e  r e g io n  8^ x* and y ’ can  become
i n f i n i t e l y  l a r g e  and negative®  The re a s o n  f o r  t h i s  i s  t h a t
th e  in c id e n t  p la n e  wave b e in g  u se d  up to  th e  p r e s e n t  d ecay s  i n
a m p litu d e  f o r  x*,y*  > 0  and in c r e a s e s  i n  a m p litu d e  f o r
X* , y ‘ <0® In  o rd e r  to  overcome th e  d iv e r g e n t  a s p e c t  o f th e
in c id e n t  p la n e  wave i n  th e  r e g io n  an a l t e r n a t i v e  i n c id e n t
p la n e  wave i s  in tro d u c e d  w hich m onotonie a l l y  d ecay s f o r
Imk.^ > 0 when Ix ' I , lyM  -> w, b u t  which c lo s e ly  re se m b le s  th e
o r i g i n a l  p la n e  wave a t  th e  b o u n d ary  o f th e  d i e l e c t r i c  wedge®
C le a r ly  an o b v io u s c h o ic e  would be a l i n e  so u rc e  lo c a te d  say
a t  (%Q,y^) in  b u t  th e  r e s u l t i n g  i n t e g r a t i o n s  become to o
d i f f i c u l t  t o  c a r r y  out® The r e p r e s e n ta t io n  f o r  th e  p la n e
1 6 0
wave f u l f i l l i n g  th e  r e q u ire m e n ts  a lr e a d y  s e t  o u t i s
g i k ^ ( ( l oos  8^ + Iy - y ^ ! s in  0^)~ e ?
XQ.y® < 0 ’
(5 .2 3 )
w here ( v ^ + k ^ ) E | = .0 .
i \
?a
x \ -
N N.
i x \X
j\ \  \^;.X tkw*L(^*'-^»)coS^o-f-('y«^o)Stw8o3\  \ x  \  ^
A.
^ \ i
VC
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In  th e  r e g io n  x  > x  ? y  > y  th e n
EJ = e 'ik^Cx^ cos 0Q+yQ s in  0^) ik ^ ( x  co s  8^+y s in  0^)
and th u s  th e  o r i g in a l  p la n e  wave i s  m u l t ip l i e d  b y  an a m p litu d e
- i k  (x  co s 8 +y s in  0 )f a c t o r  e ® A f te r  c a r r y in g  o u t th e
1 6 1
i n t e g r a t i o n s  u s in g  th e .p l a n e  wave r e p r e s e n ta t io n  above ( to  
c o r r e l a t e  th e  r e s u l t s  f o r  th e  f i e l d s  a lr e a d y  c a l c u l a t e d  f o r  
u n i t  am p litu d e  in c id e n c e ) , th e  r e s u l t i n g  e x p re s s io n s  are
lky(x^ COS Gq+y^ sin 8^)d iv id e d  b y  e ^ ^ and , y^ ® . The
in c id e n t  p la n e  wave (5*23) c o u ld  have been  u se d  f o r  
c a l c u l a t i n g  th e  f i e l d  in 8 . and on d iv id in g  th e  end r e s u l t
"ik.y(%^  cos B^+y^ sin 8 )^ and a llo w in g  .x^ ,y^  »  th e  sameb y  e
r e s u l t s  a s  b e fo re  would be  obtained®
S u b s t i tu t in g  th e  i n t e g r a l  r e p r e s e n ta t io n  o f  th e  Hanlcel 
f u n c t io n  (5*3) and th e  p la n e  wave r e p r e s e n ta t io n  ( 5 *23) i n to  
(5*22) gives
Où
E g (x ,y ) _ I ( kvr " Ki 
fyn" A Su
-t (5*24)
2 2w here Im v > 0. B re ak in g  up th e  range o f  i n t e g r a t i o n
o v e r S ? see  f i g u r e  55s th e  i n t e g r a l  (5*24) can  be  w r i t t e n
%
3- I 2.
E g (x ,y )  “
k-TT J /^ T p
X,& I 0
0\)x  f  tk irC o S ^ o X o f ~ i(kuC oS ,0o i'^ )'^  -  ckiTCoS00X0 r  t(kuco50®  1
C \  ^  I 6 c\x*4,C I 6 dx* " X
Xo.tc?
 ■   oo
-6LslH0oyt>r ÎJ fè-xA  r t ')7^0 j e  a^' +  e
o
162.
e e
oo .
l(kv^co^ ‘ „i,fe(/CoS^ rf%r 6 fkv^ CoSQ»- v)% ^  I
jx ' 4* C
J^09
e
X o
u X
X ^e
fetrStH^ a^ oP — ' J  ™£.^ ir'SV'S^ o^^ ôf t,(itvrSlw0û "ÿ* )^€ e dcj'
.(. o [ C k ^ - w T ]
(5 .2 5 )
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C a rry in g  o u t th e  i n t e g r a t i o n ,  convergence  a t  th e  i n f i n i t e5e*\WMa3* *%«!*«*% .2 2l i m i t s  b e in g  assured, s in c e  Imlc^  > 0 , Imk^ > 0,1my  “ v > 0 ,
one obtains a f t e r  re-arranging th e  resulting e x p re s s io n
E (x ,y )
^ckir(^oCos>9aMjo^h\9o')f'
ffir L
1 6 $ ,
Z €(, y sù'vOo
00
e iVX I
.00
^(letrcosê^o-yj^o 
C 2  k(.rcc5 0ù
k^irCoS&o“ y y “• ^44”W SÙ>^ Bo^  \ k%r CcsS^ o')
e :______ i ,[  kr(^oco%&c-i‘{ jo ^ M ^ ~  «3Î>U é! ^k^ccisBoSiM,&o Ü) l i
‘L ( ko- SvK^ o -  Jfâ -  V^Xk»rW&^~ v)/lÎ4 '^V (kirCosA, 'M))(^kwrSiÆ4- )
0 [ %> O/ y > 0 '
(5 . 26)
{Dhe f i r s t  i n t e g r a l  o f  th e  above e x p re s s io n  can  b e  c a l c u l a t e d  
b y  an a p p l i c a t io n  o f  J o r d a n 's  Lemma and C au ch y 's  r e s id u e  
th eo re m , b y  c lo s in g  th e  c o n to u r  by  an i n f i n i t e  s e m i« c ir c le  i n  
th e  u p p e r v -p la n e . (Ehe o n ly  p o le  e n c lo se d  b y  t h i s  c o n to u r  
f o r  Imk • > 0 , Imlc. > 0 . k .V d &k^, Ô > 0 i s  Vp = y k ^ ^ k ^ s i n ^ e ^
th e  in te g r a n d  b e in g  r e g u la r  a t  v = k co s 6^ Hence
C
.00 k^vrC^ oSOo — p)(y  kà”i- &o)\ ( p4" kvCosBf)')
"!■’ \/W “ ky-SÛ/v^ o^ 
 ___
(fk»/'CkjS0o'”'/^ '^"^vr5CK^Po ^
Ô Z, ku- cc>s> 9-0
</* 1^4 - kirSù^ ^o ( Nv;* c^ s6&— J " l?u*SûJ0o A ( kv"(os9o 4 J~ - k J sû^'6^o ) 7
16^
. ■ t(VpX4l?o-SlK0«^y
2111 (kir CoS %, +yp ) € 11 ^  £  Z k^c ,o sO o
^p(kiT~ kj ) C kw CbS^ o tVp )
(5 .2 7 )
w here \n = J  s in ^  0^
The second i n t e g r a l  i n  th e  e x p re s s io n  (5 .2 6 )  i s  e v a lu a te d  
a s y m p to t ic a l ly  u s in g  th e  r e s u l t s  o f  append ix  5Ao B efo re  we 
can  a p p ly  th e  above m en tio n ed  r e s u l t  th e  r e l a t i v e  p o s i t i o n s  
o f  th e  p o le s  ( th e r e  a re  two i n  t h i s  i n t e g r a l
k.^ co s 0^) and th e  sa d d le  p o in t
(= k^  co s 0) m ust be  d e te rm in e d , see  f ig u r e  56 
p o in t  l i e s  i n  th e  u p p e r v -p lan e , 
k ^ , and 0^ th e  fo l lo w in g  i n e q u a l i t y  h o ld s
0?he s a d d le
liom  th e  c o n d i t io n s  on k ^ ,
Ik^l > l y  k^  -  k^  s in ^  0^1 > Ik^l co s  0^
’ Iwsxvyar
kvrUiS 9c
F ig u re  56
1 65 .
D epending on th e  p o s i t i o n  o f  th e  sa d d le  p o in t  -  k ^ c o s 0 ^  
th e  p o le  w i l l  o r  w i l l  n o t  b e  cap tn n ed  on defo rm ing  th e  r e a l  
p a th  o f  . in té g r a t io n  to  ta k e  up th e  cu rv e  o f s t e e p e s t  d e s c e n t . 
T here a re  t l i r e e  c a s e s  t o  b e  c o n s id e re d
c a se (1 ) l U  c^s&>\fea\<^s©>o J
c a se  ( 2 )
Iwï (v>/-v>s.)e < 0  ^  WWsB ? IWlcosSoj
Im  ( Vp - Vs") 6  /O  (5 .2 8 )
c a se  (3) Irti(Vp'-vi)e ‘^ ^ < 0  1 Ml> 1 W U s» > iIkU -IM sC h^sT’ .
Case (1 ) co s 6^ > 6 co s 0
In  t h i s  c a se  no p o le s  a re  c a p tu re d ; a  s t r a i g h t  fo rw a rd  
a p p l i c a t io n  of th e  r e s u l t  (5 A o ll)  g iv e s
C   ___    I j __ C l?\x c p s&o s i HjBo      I c| y
(kef SÙA0O” kvCoS0o}\ (ko-<LoS0o 4-V) (koSCv>.0o*»~41|4-*'j>^  ) I
^  JJL  A    +  O A  I,
J ^ '  ' j i T- Tol
(5 .2 9 )
where r  = /  4  ^  ’ anâ
166.
k cos 0^ - k. cos 0)„ r n r "  V ^o cl
a/  2k^ s in  0
Case (2 ) ^  6^ -  s in ^  0^ > ô co s  6 > c e s
tiIn  t h i s  c a se  th e  o n ly  p o le  c a p tu re d  i s  \) -  k^ cos 0^ ,
how ever there i s  a  p o s s i b i l i t y  t h a t  th e  sa d d le  p o in t  w i l l  b e
1 ■ tic lo s e  to  e i t h e r  \) or v^. To overcome this d i f f i c u l t y  the 
p o le s  o c c u r r in g  i n  th e  i n t e g r a l  a re  separated by  p a r t i a l  
f r a c t i o n s  and two s e p a r a te  i n t e g r a l s  a re  a s y m p to t ic a l ly  
e v a lu a te d .  Thus s in c e
I
(p-»» V®" ^ ('v-~kv CôS0ô'){'ku’5 t M 0 o ~ h v - ^
A?
( ÿ - "  kvrCoS0o)Ckü'SÙ\0ô -  J W Ï - ^  ) (kv-sCs/vSo — 7
th e n  •
e  ^_______________________/ 1_ g </-fe .^66sd>„‘îCK&._______________ '
( " v " "  C. —  J  \  d v C o S G o - l ^ ^ )  ( h ( r S C K . 0 t , + ’ \/fe^ J“ V’ ^  '}  /
à'J
<P0 t(\)X4 ^ ijfl'ÿcj
6 _____  j l ^  C  Af" k l r  C o S  G o  s  ù'v 0 Ç ,_____
(  sIh0o — n|1ù 6o ) Kj kv(450o) \
167,
oo
I
/ ”^  ■" kyCP^ 9a  ^ (  P‘” k\f6oS^  ^C ka*SlM.9t» J~feX~*V^  ')'fhd"’ V’
- Ô[  k v n ,  4 V%c 4 y e l  
- ~  6  4^ k if  C o 5 0 o  sCk/Lpo ^ fi v>
(  fev rC oS ^o  4V)C kv5L V \0{ ,
y '\ ktr I'^yV 6 £ l?irsU40O “■ y^
Z i r i  (  kwr sIm.8o-fVoj/ C (\ _ C ^ku-sCwGn
\  (k ^ s C % 0 ,4 \^ y
/V
4  ' 2W - 2 Q " p r-<S")
4^ ^ C^u- Sth,9o lfg-C<?S^ 0o)( kv<:oS 0p“  McoS o)
-- I lCAdf4%) , ,  ,s /  r— — ------- — I \
2ir C 2 Q. F C Q )  ( b s  -  \j^ 4  -  k% )  _______
k^ r* (  \i^ sù^,0(,«-. / f â  “ ï ^ c o s ^ ^  ){kü-Cûî>0o — kd u>s^{ku-SiK0o*“ k4sÙA.0 )
■ /" É (" kd j r~ ffl 1 ~~ k\f r*c>) \
4  0 / _ ^ -------------- —
A  f î T z i r r  /  ■ ( 5 . 5 0 )
/ / roK^fct^erlKXl^ewwl«e«$rSl“T*w!;»*«k*ls^k^-k^. s i n  0^ -  k^  co s 0)
COB , m, = J  .gg" —T——
In  th e  l a s t  c a l c u l a t i o n  th e  r e s u l t  (5A .12) o f  append ix  5A was 
u se d  f o r  th e  f i r s t  i n t e g r a l  and th e  r e s u l t  ( 5 A .l l )  o f append ix  
5A was u se d  f o r  th e  second  i n t e g r a l .
1 6 8 ,
2Case (3 ) 6 cos 0 > ^6 -  s i n  0^
In  t h i s  c a se  th e  two p o le s  a re  c a p tu re d  i n  l e t t i n g  th e  
p a th  o f  i n t e g r a t i o n  ta k e  up th e  cu rv e  o f s t e e p e s t  d e s c e n t .  
The o n ly  p o le  t h a t  can  ap p ro ach  th e  sa d d le  p o in t  i s
^  /  p  p  pVp " / k ^ - - k ^ s i n  0 ^ . Thus u s in g  th e  r e s u l t  (5A .12) o f 
a p p en d ix  5A g iv e s
00
.DO
el(vx
C kvr ^  k\fCo50o)
f  £ kyrlcr  ^hoHI _ s 6q s Cw9o___ :_____ \ 4î)
V C kvrCoS©ts4v) (fey
■ iCfosÿAa - i - M - S j x . \  i(k^cc.%Q^"‘'p h  
_ ZTTÙ & (  ko’ U>t>9c tV p) A C 2kü- OosGc
Vp { Iv "* (  kv 0ô5 00 49  ^)
fY^\rccs0o4%y) /  ^[ko-sùxO^'-vVüyo \
4- 2in: 6  ( ktr:SLH0o4" V^y) j i _  C 2ku-s>ù\&o \
'Va,C ku-- 1^4 ) '  (  kiT SvK.00 4 I
tCkdr'fTTA/.} . / c(^ kc\lr’'rol-k»jro)\
(  kv cos Go- kd co£ © ) (  Lk\0o -  kAslv\B ^  ^  /l r- to \
(5 .3 1 )
I t  can  h e  seen  t h a t  th e  f i r s t  te rm  o f th e  above e x p re s s io n  
w i l l  c a n c e l  th e  p o le  c o n t r ib u t io n  from  th e  i n t e g r a l  ( 5 «27). 
S u b s titu tiL n g  th e  r e s u l t s  (5 » 2 ? ) , (5«29)? (5#50) and (5*31) 
i n t o  (5 .2 6 )  d iv id in g  th e  r e s u l t i n g  e x p re s s io n  b y
1 6 9
- i k  (x  cos 9.+y_ s in  0 ) e 0 0  ^ ( th e  am p litu d e  o f th e  in c id e n t
wave a t  th e  wedge f a c e s )  and l e t t i n g  x  -> -  <» one f i n a l l y  
o b ta in s  f o r  th e  f i e l d  i n  th e  f i r s t  q u a d ra n t 0 < 0^ < î t /2 ,
0 < 0 < 7ï / 2 .
F or co s 0 > Ô co s 0 ,
jfi'px+kvrsCv.e.a')
E ( x ,y )  ~  •Z iv>;
+ 2 Q :'F C q !‘)   4  0 h i - " 4 J ,
Z \fz T îk à P  (kü-cos6o-kdcos©)(kir5C^\0p“ k43CvA.e)
(5 .3 2 )
F o r -  s in ^  0^ > 6 co s  0 > cos 0^ ,
i(ko^coseo%4^y)
E ( x ,y )  ~ I A M A A iX A .
4
'P
+  ;. a d - . . )  -2.o-F(-sfl
0^ >/j2irhd ^ k\rSw^0o “ l^c-os^So ) \ ^ v c o s ,
4  t krù-M ^ ('kasùvvQo- \ / l E ^ i o s ' '8 0  2 0 . 'F("Q ')
2 .’/^Trkdk^ OîvSCkScj- V15rI^^Tos^Po)(kv<-os6o'"feili»s6)(k<rSvu,9,—k4siM.6^
( 5 . 3 5 )
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For Ô co s 0 > Vô -  s in  0 ,2  _^_2 "o
E „(x ,y )
. i. e _______ -2 a  FAe')____________________
Z V IîrN ? (ku-tosBo- IjclcosSKkysù^tÔo-kAsCK©)
(5 .5 4 )
Thus th e  f i e l d  i n  th e  d i e l e c t r i c  wedge h a s  b een  d e te rm in e d . 
Assuming th e  imaginary p a r t  o f  th e  p ro p a g a tio n  c o n s ta n ts  
k^ ,k^ . i s  very small, i . e .  k^ ^  Ik^ l , k^ ^  Ik^ l th e n  th e  
i n e q u a l i t i e s  (5«28) can  be  w r i t t e n  a s
k  co s 0Q > k ^  co s  0 > 0
k^  -  k^  s in ^  0^ > k^  co s 0 > k^  cos 8^ (5 .3 5 )
k ^  > k^  co s  8 > /  k^ -  k^ s in ^  0^
Which c o rre sp o n d  to  S n e l l ' s  law  f o r  th e  r e f r a c t i o n  a t  th e  
two f a c e s  o f th e  wedge.
The g e o m e tr ic a l  o p t i c s  te rm s  in th e  e x p re s s io n s  (5«32) 
t o  (5«3d) r e p r e s e n t  th e  r e f r a c t e d  rays and a lth o u g h  th e  
am p litu d e  c o e f f i c i e n t s  do n o t  seem to  be  th e  F re s n e l  
c o e f f i c i e n t s  they do a g re e  w ith  th e  F re s n e l  c o e f f i c i e n t s  up 
t o  th e  order 0 [n  - l )  ] .  T h is  can  e a s i l y  be  se en  by n o t in g  
t h a t  .
tV = cos 6 r  1 .j, 0 L ^ Ü°  L 2 c o s ^ e _  J
\
2k SX21 0 r  1 *t- I 4. 0C(ïi^““l}^3^  °  L Z siù ^ G L  J
w hich g iv e s
tk^  co s  8_ 4 \)
2vp 4  cos  0Q
~ 4  s in ^  8g
E xpanding th e  a p p ro p r ia te  k r e s n e l  c o e f f i c i e n t s ,  i* e ,
2k^ co s  0
k ^  co s  0Q •}• Vp 4  co s 0,
21c s in  0_ , 2
171
~ 1 4" 0C(n^-“l)^ 3 . , (5® 36)
S=Y=- = 1 .j- X)^] , > ( 3 *38)
s X 4. o[(n^™X)^] , ( 3 *39)k ^  s in  0^ + v_ 4  s in  0^
Pi t  i s  seen  t h a t  up to  th e  o rd e r  (n  -X) th e s e  a g re e  w ith  
( 5 .3 6 )  and ( 5 . 3 7 ) .
P ro v id e d  th e  argum ent o f th e  FresneX i n t e g r a l s  i s  n o t  
smalX th e  r e s u l t
P(Q) ^  + 0(Q ^) , IQ( -{.00
1 7 2
can be used and the fields in the entire (x,y) plane can be 
put in tabulæ? form, see table I and figure 57°
00 = £'vr
Figure 57
TABLE I
REGION
(1 ) k ^ > k ^ c o s  8 > / k | - k ^ s i n ^ 0 ^
FIELD Eg(%):
( 2 ) I  k^ -  k^ s in ^  6^ > k ^  co s 0 > k^  co s 0^ + Tg + D^
(5) k^ . cos 0Q > k^-cos 0 > 0 %2 + %d
(4 ) te/2 < 6 < Tt -  0
(5 ) % -0Q  < 0 < 2 n  -  0^ V
(6 ) 2% -0Q  < 0 < 2n I  + %2 + Dy
1 7 3 '
where
T.
a’2
 --------------— C'kr/x CûSGa M )
Z  xTTf^c o ÿ ^ ^
 --- -------- —1\ Î kir(x TÏ^I sCk^ - ^  4* SHa.9-0^)
: ( CoS Go 4- \f Sù/^ 0 0 / 6 ^
â/n^ '-S C H ^èo
, V -0 k(%CoS -  y klvv^o)f I-M^ ) e%
H- cos^6o
ùkv(%C05^ce
M- sL 'i-e.
p_ ^ _ 6 _____  k i r i —nQ
Eg = J lL z h l ) — ^
2  / J r k T ^  ^ feu-co5 9 o kti cos>9 ) (^ktr^hvGo -  k l  _
. :(kv^r4TT/4) , .
D = ^ ^ ------------------ U lr d Ù ,V . ^  r  ' C — CoS©^ ^  SCw^o — SCva.©)
L kir {x-Co s <9<3"i'y ^  ^  ^I  “  C
F ie ld  a t  th e  wedge t i p
. In  th e  e x p re s s io n  (5 °4 ) p u t t i n g  % = 0 , y  = 0 , th e  f i e l d  
a t  th e  wedge t i p  i s  g iv en  b y  th e  e x p re s s io n
« /  t  % r  fC 6 [(^ k^u-CC3$>8a)x* t<^ '/]?ir''V’*^ -j birSi-K^ o^
F ^ (0 ,0 )  ~  I  +  L i h d n W .  \ — \ \  ^  a x . '  c l t j '  .
kiT A o 0
^ 0 % J   ^ o rr ir^. . 1= X, -1- ——— — 1 ‘H  ^ Q. V
174.
(5o40)
w here
I  =
CO
A è .
_A) ku"— (Vh- k\/ CoS 0o) { " A- k v  sCk Oe^
«&
I& -9=" ( v t .  k^ vr Oû$^ ^ o ) C^4- ky COS Go)
CO
/k V v ^  (v^  Co^G06^4-kyCo5( v ^  ky CoS^0o) (v4 kv Ce?s w
The lo c a t io n  o f  th e  p o le s  and b ra n c h  p o in t s  a re  shovm i n  
f i g u r e  ^8 belowo
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T h e  f i r s t  i n t e g r a l  o f  th e  e x p re s s io n  (5o41) h a s  no b ra n c h  
p o i n t s  and a  s t r a i g h t  forwai*d a p p l i c a t io n  o f  th e  Cauchy 
r e s id u e  theorem  g iv e s
dvf*    ___________h  008 8^) 2ÎÇ
TCX
COS 0Q
(5 .4 2 )
The rem a in in g  i n t e g r a l  o f th e  e x p re s s io n  (5<>4l) i s  now 
e v a lu a te d ,  • i^Go
=  ! dv
k ^ “ V ( v “ lc^oos 0 ^ ) (v  + k ^ o o s  0jj)
(5 .4 5 )
A pply ing  Cauchy* s theorem  to  th e  i n t e g r a l  a round  th e
c o n to u r  C shown i n  f i g u r e  59 g iv e s
dv Tti.
C / k ^ ~  v‘^ ( v “ k ^ c o s  6 ^ ) (v  + k ^ c o s  e^) 2 k ^ c o s  6^ s in  0^f
/
/
/ -
X\
Figure 59
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l l ie  c o n t r ib u t io n  from  th e  i n f i n i t e  c i r c u l a r  p a r t  o f th e  
c o n to u r  i s  ze ro  and th u s
dv 7TI.
.00 \jI v " {7 — k vrC O S O o) C v 4 - k ir c o s © o ')  2  I v  CoS"%  SÙK ©o
1 >2.
brav%cVv
where i n t e g r a t i o n  o f ’ th e  second  i n t e g r a l  on th e  r i g h t  hand  
s id e  i s  c a r r i e d  o u t o v e r b o th  s id e s  o f th e  b ra n c h  c u t .  Thus
>vW
TTC à'
2 1 ^  S U \ @ ü  ^  C ' ^ ' -  k u * C o S ( 9 o ) (  V - 4 - k u - d o S Ô o )0O<2*'&
00 e
^ /  b*—lîy-* V "  fe IT C o s  © o) (  V-1'- k v C o s  0 o )kvf
ooeC6
'TTl % fly
2-fevr ^S^0o SÎU0O t^  J  ' Z k u - c o  sQoX k IT Cos 0cT)
ooet£
T('
2  fev sU\9o
A\>
Z ky. CoS0o ( v i -
2 !^ v CoS 00 ( 4- ky CoS 00^
177'
©o
JQJL
2  ku- Cosf 0a SÙ%0 O CoS9 t
à\>
'l 1>ÏT* ( yl:- 605^
oo
jy
\fv ^ ^  (vtCosBoT (5 .4 4 )
Tlie f i r s t  i n t e g r a l  o f  th e  l a t t e r  e x p re s s io n  can  he e v a lu a te d  
b y  u s in g  th e  s ta n d a rd  r e s u l t
ci^ _ J . StiA^  gNTt^^-T  ^ a^<
axIT^ô? v fv ^ -^ (5 .4 5 )
se e  P e t t i t  B o is [20 ] page  4 8 , l a s t  fo rm u la  on p a g e .
The second  i n t e g r a l  can be  p u t  in to  s ta n d a rd  form  b y  l e t t i n g  
V = chx w hich g iv e s
CO A)
cfy c ix 0O Cos Be
/ v i ?  ( y  1 6 0 S J C cW x 4- CoS Oc) slu^  Ofj s'uA^
(5 .46)
se e  G radsh teyn  and Eyzhilc [ 2 t ]  page  545 s e c ;  5 .5 1 4  fo rm u la  
N o .5 . Hence a f t e r  s u b s t i t u t i n g  th e  l i m i t s  i n to  (5 .4 5 )  and
*^1u s in g  cos'" X •{- s i n “ x  = tu/2 (5 .4 4 )  becomes
*1 JLk.Z fe't Co6^  0Û 3 Ch ©o i CoSOo
0^2. ~~
CoS&o  SLK.0O
t 0800 (
s  ivd 00 s> ©t (5 . 4 7 )
S u b s t i t u t in g  (5 .4 2 )  and (5*47) in to  (5 .4 1 )  g iv e s
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I 0o co s 0osin'^O^ s in  0 /  \  cos^B^
,(11/ 2- 8^) s in  0q \ -1
co s 0q / J
and. th e r e f o r e
E g (0 ,0 )  =
l-fTT
Cos0o I (^4- 9o)
sCh=^©o schBo cos^ 0<3
-SibJQs!^  V 
CoS 00 / I
+ 0 [ ( n ^ . l ) ^ ] (5 .4 8 )
K rau t and Lehman [11 ] o n ly  o b ta in  th e  f i e l d  a t ' th e  wedge t i p  
i n  e x p l i c i t  form  and t h i s  th e y  le a v e  a s  th e  fo llo w in g  i n t e g r a l
E g (0 ,0 ) I  _  (  0
2lV
CoS 00y a ^  I ___ -^-------------------------------------- ^
(1 + i (  | \  cos" e«7" { sù^-©o?"
+ 0 [ ( n 2 » l ) 2 ]  . ( 5 . 49)
In  f a c t  t h i s  i n t e g r a l  can  b e  e v a lu a te d  b y  m aking th e
ps u b s ti 'b u t io n  ç » x  and u s in g  th e  r e s u l t s  from  G radsh teyn  and 
R yzhik  [21] page  78 s e c . 2 .2 4 8  fo rm u la  No.4 . On c a r r y in g  
o u t t h i s  (5 . 49) i s  found  to  be  e q u a l to  (5= 48 ).
Having fo und  an e x p re s s io n  f o r  E ^ (x ,y )  up to  th e  o rd e r  
O (n ^ - l)  th e  n e x t o b v io u s  s te p  i s  to  u se  th e  i t e r a t i o n  scheme 
( 4 . 59) t o  f i n d  th e  e x p re s s io n  f o r  E ^ (x ,y )  up t o  th e  o rd e r
2 -, \m0 (n  - l )  and t h e r e a f t e r  up to  0 (n  -1 ) However, a lth o u g h
i n t e g r a l  e x p re s s io n s  f o r  E ^ (x ,y )  can  be o b ta in e d  th e  e x p l i c i t
1 7 9 .
P . 2e v a lu a t io n ,  even f o r  th e  te rm s  0 ( n '“»l) , a re  q u i te  d i f f i c u l t  
i f  n o t  im p o ssib leo  To i l l u s t r a t e  t h i s  p o in t  an a tte m p t w i l l  
b e  made to  e v a lu a te  th e  f i e l d  E (x ,y )  i n  th e  t h i r d  q u a d ra n t
o pup to  th e  o rd e r  0 (n  -^l) o Thus s u b s t i t u t i n g  th e  f i r s t  o rd e r
a p p ro x im atio n  f o r  E^Cxjy) f o r  th e  t h i r d  q u a d ra n t (g iv e n  b y  
th e  e x p re s s io n  in  r e g io n  (5 ) o f  t a b l e  I )  i n to  th e  i n t e g r a l  
e x p re s s io n  ( 5 e l )  w here i s  r e p la c e d  by  th e  f i r s t  o rd e r  f i e l d  
e x p re s s io n  in  r e g io n  (5 ) g iv e s ,  n o t in g  t h a t  y* > y
E g (x ,y )
V E T
oooo
I e U % ) _ cji X * ci^  f
0 o C osO O ( '
+ 0 [ ( n ^ - l ) ^ ]  r
where x* = r '  co s 0 S  y ' = r * s in  6 ' *
The f i r s t  i n t e g r a l  h a s  a l r e a d y  been  e v a lu a te d  in  d e te rm in in g  
th e  f i r s t  o rd e r  ap p ro x im a tio n  and th u s
 ^ lOvr-fiT/zf)
E_ ( x ,y )  = Ez -, —^J iL td lz
( SÜ/vÔo " sCvvO)( coSDp-ccsO)
0Q
£  dv I \-ê____________ :_______AdAgl
Bit — DO J  J  -  s>b\S0(c4^s&o- cos9‘ )
1 8 0 .
R e p la c in g  x* ,y * , b y  t h e i r  e q u iv a le n t  p o la r  c o o rd in a te s  i n  
th e  above i n t e g r a l  g iv e s
' f - Î. /  \  c ( i^ ü - r - v v /4 - )
E, (x ,y )  =  ^ ---- —:—-—
^.v/lirkcr P (^ S û^OoSÎ,V\0^Cco5 0o—CoS0^
oo
BfrJ^Trfe?
-  C (  Vx. ~ V y  )
^      oVl)
•%oo ;, M 'C kw- vcos S’+Vfeu-v’^ '-sCn©' )
Ê------------------------------wELii-1
OO (■Sun 0 0 -  S d \ ©Of CoS ©o—CoS©*}
The r^ i n t e g r a t i o n  can be c a r r i e d  o u t d i r e c t l y ,  convergence  
b e in g  a s su re d  s in c e  Imk^ > 0 , I m / k ^ - v  > 0 and 0 .<  0* ^  %/2, 
Thus
^ \j 2TT ku-f S Lv\, ©o — S Cvv 0^  (co S Oo ~ CoS 0 )
Ü Kr
iGTT^JJk
^'y}_
E:___________________________ ^
i r (5 . 50)
where
%
( suaOo-  Svjk©*)(coS0o -Co50')(kv -  VCos © V /kJ-v^sC u© ')^
T h is  i n t e g r a l  l ( 0 ^ ,v )  does n o t  seem to  be  t r a c t a b l e .  
R e-a]?ranging  th e  o rd e r  o f i n t e g r a t i o n  in  th e  i n t e g r a l  o f  th e
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expression (5o50) gives
<30
,00
%
J c&e'
00
^  (sIhO o~"31u0O (cos0c'-coS0O
Â
^(v»X-/ivT^ w) G?!
"C£j \/kvT“V i T  — Vco5 0
( 5 . 51)
The norm al sa d d le  p o in t  m ethod i s  now a p p lie d  to  th e  i n t e g r a l  
i n  th e  c u r ly  b r a c k e t . S in ce  Imk^ > 0 ,  I
0 ^ 8 * ^  7c/2 , th e  te rm  (k^  -  v co s 0 * + s in  0 < h a s
no s i n g u l a r i t i e s  i n  th e  lo w er v h a l f  p la n e ,  e x ce p t a  b ra n c h
p o in t  a t  V = -k ^  w hich p r e s e n t s  no t r o u b le .  The s a d d le  p o in t  
o ccu cs  a t  V = k^  co s 0 and s in c e  7t 4  0 ^  th e  sa d d le  p o in t  
o c c u rs  i n  th e  lo w er h a l f  p la n e .  Thus in  a p p ly in g  th e  sa d d le  
p o in t  m ethod no p o le s  a re  c a p tu re d . Hence
K S n i(k^ r-Tc/4-)V I(6o»k^cos e)
T h e re fo re
ik  (x  c o s  8 _ + y  s in  0 ) E „ (x ,y )  = e °  °
i ( k  r+% /4)V (n ^ -1 )
2 / é n k ^ ^  L (sin  0^  -  sin  0)(cos 0^  -  cos 0)
1 8 2
a e 'ul» «^ÿjait«fgffr^rtK»i,-ra«^.g=3n«=roaaga<^ixvw<vwsqyci5Uï.-yAitf.exi3ta=*5Jiwfc*xm.'iMtTOJ!CTj»jw:«aT«Mnsî«f^«Miwa>Mr^ujij'^47^ 3 (sin 8 - 8in 6 O  (ooa G » cos 8^1 (oosIe^ F^^ l - fTo
+ 0 [ ( a ^ - l ) 3 ]  . (5 .5 2 )
The e x p re s s io n  f o r  E ^ (x ,y )  i n  th e  rem a in in g  q u a d ra n ts  o f 
w i l l  d i f f e r  from  th e  above e x p re s s io n  in  th e  g e o a ie tr ic a l  o p t ic  
te rm s  o n ly . The am p litu d e  o f  th e  g e o m e tr ic a l  o p t ic s  te rm s 
w i l l  r e p r e s e n t  th e  E re s n e l c o e f f i c i e n t s  when expanded o u t to
p  pth e  o rd e r  0 [ (n  ~ l ) ~ ] .  The e x p re s s io n  w ith  th e  c u r ly  b r a c k e t s  
i n  (5«52) r e p r e s e n ts  th e  d i f f r a c t e d  f i e l d  i n  th e  e n t i r e  r e g io n  
8 ^ . .C le a r ly  h ig h e r  o rd e r  a p p ro x im a tio n s  f o r  E (x ,y )  w i l l  
in v o lv e  f a r  more d i f f i c u l t  m u l t ip le  i n t e g r a t i o n s  w ith  r e s p e c t  
t o  6* , which c o u ld  o n ly  be  h a n d le d  e f f e c t i v e l y  b y  n u m e ric a l 
m ethods.
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C o n sid e r two c o n tig u o u s  d i e l e c t r i c  wedges occupy ing  
th e  r e g io n s  defined by, (8 : 0 r < «*, IîsI < *°, -P 6 p,
I pi > 0} and {S^ i 0  ^  t  < \ z \  < “ , « a  ^  a ,  la l  > 0 } 5
o f  m a te r ia l  c o n s ta n ts  and r e s p e c t iv e ly .
The p ro p a g a tio n  c o n s ta n t  i n  the r e g io n  8 i s  assum ed t o  be  k, 
and in  th e  r e g io n  8 . i s  kn where n  ^  1 . Two s e t s  o f 
c s '- l in d r ic a l  c o o rd in a te s  a re  used, namely (r,8,z) and (r,^,g) ;
th e  fo rm er r e f e r s  to  p o in t s  i n  and th e  l a t t e r  to  p o in t s
w i th in  8^ . In  acco rd an ce  w ith  th e  c o n v en tio n  o f  m easu rin g  
th e  a n g le s  shown i n  th e  f i g u r e  i t  fo llo w s  t h a t  - p  0 ^  p,
- a  ^  ^  and a-i-p = TE. A tim e  v a r i a t i o n  e^^^ i s  assum ed
th ro u g h o u t th e  work w hich follows, and th e  d i e l e c t r i c s  w i l l  
have  s l i g h t  c o n d u c t iv i ty ,  i.e. Imk >0. An i j ic id e n t  p la n e  
wave
u . = e d k r  008( 8- 8 . )
i n  th e  r e g io n  8 i s  assum ed to  be  e i t h e r  o r  p o l a r i s e d  
so  ' t h a t  th e  th r e e  d im e n s io n a l problem  re d u c e s  t o  a two 
d im ensional, s c a l a r  p ro b lem .
w*
Figure 60
1 8 4 .
The s c a l a r  p rob lem  can  be  fo rm u la te d  th u s :
( I )  ( v |  •}* k ^ n ^ )u ^  = 0 ■^’(X 4  0  ^  a  J (6 .1 )
2w here ' V ~ -:r "s% ( r  "s%r) ——w «V a. 01 01
(9^  i-kS) = 0 -P  <: 0 <  P ( 6 .2 )
o r  (v ^  + k )u  = 0 ,
2w here ' v |  = |  a% ( r  °
u ^  i s  th e  t o t a l  s c a l a r  f i e l d  i n  and u^, i s  th e  t o t a l  s c a l a r  
f i e l d  i n  8 . The f i e l d  i n  8 i s  r e p r e s e n te d  i n  te rm s  o f th e  
i n c id e n t  p la n e  wave th u s
- i k r  008(8 -6  ) u^  “ e 4 u  . ( 6 . 5 )
(II )
u ^  and u  m ust s a t i s f y  th e  Som m erfeld r a d i a t i o n  c o n d it io n  
f o r  Imk = 0 , i . e .
i / 3 u .  \
^ d /  0 an ,
(6 .4 )
lim  r ^  ^  -  ik u ^  = 0 i n  8 .r-yx) \  /
F o r Imk > 0 th e  f i e l d s  m ust d ecay  a s  r
1 8 5 ,
(n i)
U^  and must sa tis fy  the edge condition
= 0(1) ,
= 0(1)
g ra d  = 0 ( r  ) , 0 < < 1
Y;g ra d  u ,  = 0 ( r  t  , 0 < < 1 o
( 6 .5 )
(IV )
The f i e l d s  m ust s a t i s f y  th e  fo llo w in g  b oundary  c o n d it io n
= ue=p
u.V
x\There
T -  '
8u^
3ê 6=p
■-^U=a ’ w 0=-P T SJ-
' 1 
. 1
f o r = '
\ \ ]
(6 .5 )
p o l a r i s a t i o n ,
The s c a l a r  prob lem  s e t  o u t i n  ( I )  -  (IV) i s  n o n -s e p a ra b le  and 
th u s  an i n t e g r a l  s o lu t io n  i s  c o n s id e re d . C le a r ly  a s o lu t io n  
t o  th e  e q u a tio n s  (6 .1 )  and (6^2) and s a t i s f y i n g  (6 .4 )  and
( 6 .5 )  i s
±oo
Uy = J" ( c ( v ) c o s  v 0 + d (v )s in  v 0 )H ^ '^ \k r)d v
( 6 o 7 )
u J  ( a ( v) co s  v^-^b ( v) s in  v ? i ) ^  ( la ir )  dv ,
Lebedev [2 2 ] , how ever t h i s  i s  n o t  i n  th e  m ost c o n v e n ie n t 
form  f o r  th e  m a n ip u la tio n  w hich ensueson  s u b s t i t u t i n g  (6 . 7 ) 
i n to  th e  boundary c o n d i t io n s  (6.6) to  c a l c u l a t e  a ( v ) ,b ( v ) ,  
c (v )  and d ( v ) .  A te c h n iq u e  o r i g i n a l l y  u se d  b y  O b e rh e t t in g e r  
C23] and s u c c e s s f u l ly  u se d  b y  a  number o f a u th o r s  i s  now 
introduced, nam ely k i s  r e p la c e d  b y  iic i n  th e  above 
fo rm u la te d  problem. T h is  i s  e q u iv a le n t  to  s o lv in g  th e  
an a lo g o u s d i f f u s io n  p ro b lem . A f te r  s o lv in g  th e  d i f f u s io n  
p rob lem  and r e p r e s e n t in g  t h i s  s o lu t io n  i n  a  c o n v e n ie n t form  
ic i s  r e p la c e d  b y  -ik to  g iv e  th e  s o lu t io n  t o  the original 
d i f f r a c t i o n  p ro b lem .
Thus l e t t i n g  k be r e p la c e d  by iic th e  e q u a tio n s  (6.1) and 
(602) red u c e  to
5
(6 .8)
Kr c o s ( 0-0 ) u ^  = e -I- u  «
[Che b oundary  c o n d i t io n s  ( 6 . 6 ) rem ain  unchanged . At i n f i n i t y  
th e  r a d i a t i o n  c o n d i t io n  ( 6 .4 )  i s  now re p la c e d  b y  th e  
re q u ire m e n t t h a t  th e  f i e l d  d ecay s e x p o n e n t ia l ly  t o  z e ro ; and 
th e  edge c o n d it io n  rem a in s  th e  same as  b e f o r e .  C le a r ly  a 
s o lu t io n  o f t h i s  d i f f u s io n  problem  i s  g iv en  b y
u = r {chv(TC-l0~-0 l)+C(v)chv0-i-D(v)shv0}K:. (icr)dv  , (6 .9 )O
pd^ ~ T? vf (-A^ ('^ )chW+B(v)shv^ }E^  (Knr)dv , (6.10)
]L87.
where i n  ( 6 .9 )  th e  r e s u l t , G rad sh tey n  and R yzh ik  [21 ] 
page 775 s e c .  6 . 7 9 5 , fo rm u la  N o . l ,
Kr 008( 6-6  ) o (X) e = chv(T t-.|e~0g l)K ^ ^ (K r)d v  , ( 6 . 11)o
h a s  b een  u se d  ; R.^^(Kr) i s  th e  m o d ifie d  B e s s e l  f  m ic t io n  o f
th e  t h i r d  k in d  o f  im a g in a ry  o r d e r .
S u b s t i t u t i n g  th e  e x p re s s io n s  ( 6 .9 )  and (6 .1 0 )  i n to  th e  
b o u n d ary  c o n d i t io n s  ( 6 .6 )  and u s in g  th e  f a c t  t h a t
CJU p oo ,
^  r (-shv('n:-6+8 )+G (v)shv8+ D (v)chv8)vE .^ ,(K r)dv
b U  p  oo
“ nf r {shv("n:-0 •i-0)-{-C(v)shv0-fD(v)chv6)vK.:^,(icr)dv0<0 o °o
g rv e s
j* (chv ( 0 ^  ) 4-0( V ) chvp (-D( V ) shvp )E^ ^^ (^ Kr ) dv 
0
C30
. S3 I  {A (v)chva-B (v )shva}R ^^(K nr)dv  , ( 6 .1 2 )
oo
J  {chv ( TG-P*^6çj)+0(v)ch v p -D (v )sh v (3}K^^ (^ Kr) dv
CO
-  J  {A (v)chva-5-B(v)shva}K^^(Knr)dv (6 .1 3 )
J  { ” shv ( Ti-p+0 ^  ) 1- 0 ( V ) shv [3 -{-D ( V ) chv 3 3 vK^ ^  ^( K r  ) dv
o o
= t |  ( -  A ( V ) shva+B ( V ) chva  } vK j ( Knr ) d v , ( 6 .1 4 )
1 8 8 .
CO
J  { shv ( "ïG” [3 6 ^  -0  ( V ) SÎ1V p +D ( V ) chv p ) vE^^  ^( Kr ) dv
oo
= T J  {A(v)shvoc+B(v)chva}vK^^^(Knr)dv . ( 6 .1 5 )
E. (K nr)M u lt ip ly in g  ( 6 .1 2 ) ,  ( 6 .1 3 ) ,  ( 6 .1 4 )  and ( 6 .1 5 )  by
and i n t e g r a t i n g  o v e r r  from  0 to  oo, and th e n  u s in g  th e  w e ll  
knom i o r th o g o n a l i ty  p r o p e r ty
wdiere 6 (a ,v )  i s  th e  d e l t a  f u n c t io n ,  g iv e s
O n  1  r r iTA (a )o h o a -B (a )s iia a  = jj> {ohv(% -p+8g)+C(v)cW P
0 0
• I -  D (v )s h v p } K ^ ^ (K r)K j^ ( lc n r )^ a v  , ( 6 .1 ? )
_  ,  0 0  OO
A( o ) o h c 7 a + B (  O ') shooc = — J* J  {chv( p —6  ) 4 - 0 ( v ) chvPIt o‘o
d rD (v )sh v p )E j^ ^ (K r)E ^ ^ ^ (K n r)^ d v  , ( 6 .1 8 )
A( o)shooc+B( o)chcja — J J  {—8hv(TG—{3 {.G )H-0(v)shvpTï T 0 0
+ D (v)olivP)vK . ( K r ) K . j , ( K n r ) ^ d v  , ( 6 . 1 9 )
A( a)shcja+B( o^ohoa = — f f  (sh'v('n:-p-8 ) -0 (v ) s h \ ,pIt T 0 0
+ D (v)chvp}vK j_^(K ;r)IC g(lcnr)^-a.\, . ( 6 ,2 0 )
16%)
From ( 6 . 17) and (6.18)
00 00
A (cj') r= r[ {cliVcxclivG '{•G(v)clivp}K. (iCr)K. (K n r) '^ "“dv ,TG"^choa 0 0 ° rv  1Ü r
(6.:21)
B(a)  = Yr ( -sh vash ve  - D ( v ) s h v p } E . / K r ) E .  ( K n r ) ^ d v .Tt"^8hoa 0 0 ° rv  ro  r
(6 .22)
From ( 6 . 19 ) and (6 .2 0 )
A(cj) k: r r  {sîiv(XGîiv0 ■="0(V) shvp}vK• ( K r)E . ( Knr) '^^d v  «
( 6 . 25 )
B (c?) = r r {“*cliV(xsliv6 +D(V) clivp }vK ► ( iCr)K. ( Knr) dvit'^^Tchoa b o  °  IV ro 2
( 6 . 2 4 )
E q u a tin g  ( 6 .2 1 )  to  ( 6 .2 3 )  and (6 .2 2 )  to  ( 6 ,2 4 )  g iv e s
00 00 '
J J  { CTaolivotsliaa-vshvachaa] chv0 •i-0(v) [vshvpchoa  
0 0
4- aT chvpsliaa] }K.^^(Kr)K^^(iCnr) “ dv = 0 ,
( 6 . 23 )
and
00 CO
J  J { [o Tcîio 'ashva-vsîiaaclava] shv0 4-D(v) [vshaa-olivp o'‘o
-1- a Tchoashvp ] ( Kr )K^^ ( Knr ) “  dv = 0 .
( 6 . 2 6 )
By an e x a c t l y  an a lo g o u s  p ro c e d u re , i f  ( 6 . 1 2 ) ,  ( 6 .1 3 ) , ( 6 .1 4 )
190.
K. (Kr)and ( 6 . 15 ) a re  m u l t i p l i e d  b y  ^  and i n te g r a t e d  o v e r
r  from  0 to  oo on u s in g  (6 .1 6 )  one o b ta in s  e v e n tu a l ly
00 00
^  r r  A(v)Cocb.va.s]ioP+Tvshvacbap]K- (K nr)K . ( i c r ) “ dv 0 0
= oho 8 ( 6 . 2 7 )
and
00 00
“% r r  B (v) Coshvachop-5-vTchvashap]K. (Knr)K. ( i c r )™ d v  
0 0 j-o . I
” ~sho0_ . ( 6 .2 8 )
The e q u a tio n s . ( 6 .2 5 ) ,  ( 6 .2 6 ) ,  (6 .2 7 )  and (6 .2 8 )  w i l l  now be 
re d u c e d  to  F redholm  i n t e g r a l  e q u a t io n s  o f  th e  second  k in d  
by  e x p lo i t in g  v a r io u s  o p e r a t io n a l  p r o p e r t i e s  o f B e s se l 
f u n c t io n s  o f  com plex o r d e r .  In  p a r t i c u l a r  th e  fo l lo w in g  
re m a rk a b le  r e s u l t  d e r iv e d  b y  S m ith  [1 6 ] ,  and p ro v ed  i n  
ap p en d ix  6A, w i l l  be u se d  
«0
K lÿ Klcr (j^n) i f  -  TT^c^s(cr 603 n)
^  P^o'shârrr
S(cr^v)
ciaiT-y — cK TTcr ( 6 . 2 9 )
0 ^ 0 , n  X 1 .
F o r th e  p a r t i c u l a r  c a se  w hich  w i l l  be c o n s id e re d  h e re  
0 ^ 0 , V ^ 0  and th u s  ( 6 . 2 9 ) w i l l  red u c e  to
191
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l<l£r(3<r) ir^Cos(o-eca») S(cr,v)
Z cr sVio-TT
^  . c\'\ttv> — oViircr
A p p ly in g  th e  r e s u l t  (6 .5 0 )  to  ( 6 .2 5 )  and ( 6 .2 6 )  g iv e s
C(<r) Cos(cr €03rt) ~  ( h  T )  c l \  (TcC s U<Tq< oUg-^o CoS )
slncr^ ok (ro( -I- T o k  sk ^ rx
00
; sk ircr   I ,[  fcrcl-iv^ccskcrol -  V^kyc(
Z  (  Sk<r6 cU 0To( ^  *r oU cr^ sV\ cr«(
^  C(i>)rV skV/S^’-Kc^ oC 4 o-qrcUv>  ^skcrofl L(<r^P)c\v>^
( 6 . 51)
and
l > ( c r )  C06((T^cgn) = 0~ b )  c U o r d  skcTof S^ kcrBp C<?s(v
sU<ri\'cl\cr/3 i - T  c\\cro( s\\o r^
Oo
.skuTT _____________ \ f[o-irckcroi $kîU - )^5k<ro< ckVcï ] sk V ^0
% ( sk < r^ c k ^ ^  i-Tck(ro(sk(r/$){(
4- D (v ) t  V sk(To( ck V/9 i  O' T ck ro( skVyS ] j  L (oj v) dv^
( 6 . 52)
w here
1 9 2 .
< e , „ >
cViïTV — cktrcr
S im i la r ly  a p p ly in g  th e  r e s u l t  ( 5 .3 0 )  to  (6 .2 7 )  end ( 6 ,2 8 )  
g iv e s
l \ M  C ô S ( ( r io ^ v \ )  _  &o 5 W c r  _
ck<Tb( s k<7yg -h'I'Skû’cjCcko-ys
ÔQ
A(’p) j^ cr cliU< sVi<T/â 4" ckoyg]
2 .  C  o U < T o ^  s k t T y â  V & k  e r a  c k  c r / î )
( 6 , 34)
and
V )  ccr^ sfo 'C ogV i) -  _  s k c r O o  s k i r g "
skeroC cli<r/â"î"'“tckcrocskeryj
^. (1-^ /n^ ) sWrcT ______ ___\B(v)[tr skVo{ c W ^ t
Z ( skcrp{ ckfTyS 4 TcUiToî skoys) j 
(6 .3 5 )
w here M(a ,v )  -  L ( v ,a )  . .  ( 6 .3 6 )
The i n t e g r a l  e q u a t io n s  ( 6 .3 1 ) ,  ( 5 .3 2 ) ,  ( 6 .3 4 )  and (6 .3 5 )  e re  
F redholm  i n t e g r a l  e q u a t io n s  o f  th e  second  k in d  ; and th e y  
a re  to o  d i f f i c u l t  to  so lv e  e x a c t l y .  Thus some s im p l i f y in g  
a ssu m p tio n s  a re  made and a p e r t u r b a t i o n  s o l u t io n  i s  o b ta in e d
]L93.
i n  th e  form  o f  a  Keumaim s e r i e s .  F o r th e  s p e c i f i c  p rob lem  
o f  an  E ^ - p o la r i s e d  i n c id e n t  p la n e  wave w ith  = p . , i . e .  
a  p e r f e c t  d i e l e c t r i c ,  th e n  T = 1 and ( 6 .3 1 ) ,  ( 6 .3 2 ) ,  ( 6 .3 4 )  
and ( 6 . 35) re d u c e  to
A (a )c o s (a lo g n )
2 - cUo”8^ 4 , jA(p)^<r c k v p t  -i'VsUv>4cl'io-yâ ]
^  O ( 6 ,5 7 )
B (a )c o s (o lo g n )
_  sVicr 60 4  I B(v) M
 ^ (6 . 38)
O (o )c o s (a lo g n )
Cq
_  f  \  \ r  cr cVwM s\\G' t< — V s k  V £\ cU o"o^  ]  c k  P ^
4  C  C V  )  [  V s W V y â  J ^ c r o i  4  0 “ c k v y 3  sV vcn^i ] |  L  ( o ^  v )  c! (  6  3 9  )
D (a )c o s (a lo g n )
cQ
-  0  ~ Vtg^ ) U \_ cr ck crd Poi -  PSko-oCck Po{] sk P B-<,
^  I
4  B ( v ) [ v s W c k v y 5 4  (Vck<ro^skP/S]|L(^5;y)c!P.
On ex p an d in g  th e  h y p e rg e o m e tr ic  s e r i e s  w hich  a p p e a r  in  
L ( c t ,v )  and M (a ,v ) i t  can  be se en  t h a t  L ( a ,v )  and M (a,v ) w i l l
c o n s i s t  o f a power s e r i e s  i n  te rm s  o f ( l - l / n ^ ) , th e
pe x p an sio n s  b e in g  v a l i d  f o r  1 1 -1 /a  I < 1 . The p e r tu r b a t io n  
m ethod which w i l l  b e  u se d  w i l l  c o n s i s t  o f  expan.ding o u t a l l  
th e  f u n c t io n s  i n  w hich n  a p p e a rs  i n  s e r i e s  xdiose te rm s
pin v o lv e  ( 1 -1 /n  ) « F o r r a p id  convergence  o f  th e s e  s e r i e s  
n  ^  le  I t  i s  a ls o  assum ed t h a t  and b can  a ls o  b e
expanded i n  an i n f  i n i t e  s e r i e s  o f te rm  (1 - 1 /n  ) Thus
°® 'I m
L ( o , v )  = Z L ^ ^ '^ ( o ,v ) ( l - " 4 )  \  (6 .4 1 )m=0 n
oo
A(o) , B (a)
(6 .4 2 )
(6 .4 3 )
c ( c ) A z d ^ d ' - i T .  K o )  =iMsO »«aO
where a l l  th e  q u a n t i t i e s  w ith  a  s u f f i x  m a re  in d ep e n d en t o f n .  
The fo l lo w in g  r e s u l t  w i l l  a ls o  be  n eed ed .
,^ io  - i ac o s ( o l o g n )  =   , and s in c e
( ^  , 1 ; 1 ; l _ l / n ^ )  ( 6 . W
th e n
oos(alosn) = ■|{2S'^(-^,l;l;l-l/n^)+2F^(- iS,!;!;!-!/!!^)}
g mZ a _ ( l - l / n ^ )  , (6 .4 5 )m=0 ^
1 9 5 ,
where Uq == 1 0 = 9
From th e  above e x p an s io n s  th e  fo llo w in g  i s  o b ta in e d
A ( a ) c o s ( a lo g n )  = ^  (l-Vh?) ;
tt\sO mao
CO /  us) \  / .
Kh%0 » /
M
(6 .4 6 )
and s im i la r  r e s u l t s  a r e  o b ta in e d  f o r  A r e p la c e d  b y  B ,0 , and 
b ; a ls o
mso \sso
O ' • / h ’ - ) A ( ' ’ )  M ( ^ , f ) . g  ( g  A ‘ ( » )  ( i -  V n - r "
(6 .4 7 )
U sing  th e  e x p re s s io n s  (6 .4 6 )  and (6 .4 7 )  and th e r e  a n a lo g o u s 
e x p re s s io n  f o r  B ,C, and b , th e  e q u a tio n s  (6 .3 7 )  to  (6 .4 0 )  can  
b e  w r i t t e n  i n  th e  fo l lo w in g  form
MvA S“0 CO (Ay  rra  
«1. \
2 m so 3 S=
. fO rh(v) M ( c ^ ÿ ) L a - c \ v û C  sk(ryg4 Vsky«(ck<^J dv| 4i<-\' / " 4 ,
(6 .4 6 )
eo tv»
Z j (  X  B(cr) _  sk  cr Oorviso Sso
L Zj " ( 2  B ) Ml (cr [  O' 5 k 4- sk ck  ^(i-
Z V»tsO J j
4
tv,{- I
(6.4-9)
1 9 6 ,
iO
2 7  C f e )  %  ( f  (TckVo( sVi crc{ -  Vs\>Vo( cLcr<(^ L /o '  v )  â  !
m;LÛ 5-0 . P 1^ 1=0 J
( ►V» (j )  p. T I 72  C Ct>) L ('<?; y )  L y s k \^  chiTot -i- j -  o k  ^  sko% ^J « v> ' ^  j -  l /^ z )
SsO
(6 . 50)
60 Mln , W <’0Z  (Z 'o S ,a . .> ''. - ) " j_ £ lO SsO 2 iMs-O , r  sk k<5-o( c\\ y j  £ kV L (trp) j  p
0{J
^  Î^ Cv)L (’cîjv) L'^'SKiToC ck f. O'cUiToC •sU'^  l e i , (6«^l)5=0
By e q u a tin g  l i k e  pow ers o f  ( l « l / n  ) on b o th  s id e s  o f th e  
e q u a l i t y  s ig n  i n  th e  e x p re s s io n s  ( 6 .4 9 ) ,  (6 .5 0 )  and
( 6 . 51) an i t e r a t i o n  scheme i s  o b ta in e d  f o r  f in d in g  a l l  th e  
c o e f f i c i e n t s  ( a) , ( a) , ( a) and ( a ) . Thus th e
ex p an sio n  f o r  A ,B ,C , and I) can  be o b ta in e d  to  any d e s i r e d  
o rd e r  o f ( 1 - 1 /h ^ ) .
Assuming one h a s  c a l c u l a t e d  A^^^, and to
th e  d e s i r e d  o rd e r  o f  a c c u ra c y , say  m -  H; t h i s  b e in g  
t h e o r e t i c a l l y  p o s s ib le  a lth o u g h  th e  work in v o lv e d  would be  
t e d io u s  f o r  H l a r g e ,  th e n
a m . z
O
ti
MtO
C ( . ) .  Z  Cp)
(6 . 52)
m~o
ti
b(t^W 2  ^ \ ( r )  4 Im=c>
1 9 7 .
Now s u b s t i t u t i n g  th e  e x p re s s io n s  (6 .5 2 )  in to  (6 .9 )  and (6 .1 0 )  
g iv e s
0-9a  ^ ^  I _ (Mi) , 1 ,,u  ( r , 6 )  = ^  4, ^ 2  ( U C (y)cky04'i>V TT v^ sO II - J
- I -0 ( ,  (6 .5 3 )
00N
g^(r,{f) = 2, S ( l -  VmT  |A ‘cp) c1>v ^ 4. B‘(")sUs'çi^Ki,v(^«t‘U pu^.
-jt M =0
+  0 ( i- i/ m4'^^ (6 .5 4 )
In  o rd e r  t h a t  u^  and u ^  g iv en  b y  (6 .5 5 )  and (6 .5 4 )  be  
s o lu t io n s  o f th e  wave e q u a tio n  i t  i s  n e c e s s a ry  to  r e p la c e  !C 
b y  - i k .  In  d o in g  t h i s  (d ep en d in g  on th e  form  o.f th e  
in te g r a n d s )  i t  i s  p o s s ib le  t h a t  th e  r e s u l t i n g  e x p re s s io n  w i l l  
b e  d iv e r g e n t .  To a v o id  t h i s  h a p p en d in g .o n e  can. e v a lu a te  th e  
i n t e g r a l s  e x p l i c i t l y  and th e n  r e p la c e  K b y  ™ik. I f  i t  i s  n o t  
p o s s ib l e  to  e v a lu a te  th e  i n t e g r a l s  e x p l i c i t l y ,  w hich w i l l  
p ro b a b ly  be  th e  c a s e ,  th e  c o n to u rs  o f i n t e g r a t i o n  a re  changed 
i n  such  a  way t h a t  b y  r e p la c in g  K b y  « ik  th e  i n t e g r a l s  rem ain  
c o n v e rg e n t. N a tu r a l ly  any p o le s  c a p tu re d  in  chang ing  th e  
c o n to u rs  o f i n t e g r a t i o n  m ust b e  acco u n ted  f o r .  To i l l u s t r a t e  
w hat h a s  j u s t  b een  s t a t e d  th e  f i e l d  in s id e  and o u ts id e  th e
pwedge up to  th e  o rd e r  (1 -1 /n  ) w i l l  be  d e te rm in e d .
In  o rd e r  to  d e te rm in e  th e  f i e l d  t o  th e  o rd e r  (1 -1 /n ^ )  
i t  i s  n e c e s s a ry  to  c a l c u l a t e  A ^ ^ \o )  and A ^ ^ \a )  and th e  
c o rre sp o n d in g  te rm s f o r  B ,0 , and D, e x p l i c i t l y .  Expanding 
o u t th e  e x p re s s io n  (6 .4 8 )  t o  o rd e r  ( l - l / n ^ )  g iv e s
1 98 ,
( o)a^ +A^^^ ( a )a ^ )  ( l - l / n ^ ) 4 - 0 ( l - l /n ^ ) ^ ’
CO
_ ciio-0t, + J . \  A%N1^(îr,,)Ccrcl,i>«sk<r^+l?iKv»lcA«-/3l],^V('l-V„^)
2 1 '
(6 .5 5 )
?w hich on e q u a tin g  l i k e  pow ers o f ( l-» l/n  ) g iv e s
A ^ ° \ a )  = oho0Q , (6 .5 6 )
«50
A^ )^(a) -J- -i cV% f vÀ\\H cV (6.57)
o  c J a ï ï c t -  cJaTtV
S im i la r ly  expand ing  o u t (6 ,4 9 )  g iv e s
B (° ) (o )  = -shdS g  , (6 .5 8 )
«0
B ^ ^ ^ ( a )  = - X  2
-1- Vckvo(.sk°'/^J f5 , gg)
) c)l%T(r- C.V^TTV>
E xpanding o u t e q u a tio n  (6 ,5 0 )  to  o rd e r  (1 -1 /n  ) g iv e s
c ( ° ) ( o ) a o + ( c ( ° ) ( o ) a ] + G ( l ) ( o ) a o ) ( l - l / n ^ ) + 0 ( l - l / h 2 ) 2
fr"-. ^ ' I (^  d\V<5( sk — V skvoc oU cr«îc3 ok y 9o
^  lo
4 C(y) I.v>sW^ckcr«?( 4* o-ckv^  sU<r«3(]') L (cf^ y) jy ^
(6 .6 0 )
from  w hich
199.
= 0 , (6.61)
00
c ( ^ ) ( q) _ I cUv6o [(T cli9<X sko'g( — V oUq-oQ
^ / cl\*lTV“ C/UtTO"o (6 .6 2 )
S im i la r ly  expand ing  o u t (6 ,5 1 )  g iv e s
D ^^^(a) = 0 , (6 . 65 )
00
I)(l)(çy ) { sk90o L<ycUî>o't5V\Q“o(—v^ V%cro(. c-U A
 ^ cl\TrV“ okTTcr (6 .6 4 )0
To e v a lu a te  th e  Cauchy p r i n c i p l e  v a lu e  i n t e g r a l s  (6 .5 7 )?  
(6 .5 9 )?  (6 .6 2 )  and (6*64) th e  fo llo w in g  r e s u l t s  a re  u se d , see  
ap p en d ix  6B,
COc ch v t , she# ^ . ,,,
J (chvTt^chcm;) shon:
a > 0  , ! tjrl < u'
(6 .6 5 )
0 > 0 ,  1^1 < % .
In  o rd e r  to  a p p ly  th e  r e s u l t s  (6 .65)? th e  i n t e g r a l s  (6*57)?
(6059)? (6 .6 2 )  and (6 .6 4 )  a re  r e - w r i t t e n  a s
Oq
A( 1 ) ( a) = - _L 1 t<ysW^( c k y ( * ^ 0 o ) + c k v d y
 ^ I cUïïV -  cUtto-
(6 .66)
200,
oo
k-
i <y ôi\cs'0 ~*ck^^~^o)) 'i* Vsk c/^^sk y Bg)— y(,Y-1%)^ ] A y
cVlTry- C-Uttct
(6 .67)
00
[  crska - c i ~ VC'ko'tA(skV(°a6o)-l-skV(=<-oS) ]
ckfrV.- cUircT’
(6 . 68)
DO
D ( l) ( o )  =1 [o'ck(ro((c\\vrg<4~0oV cky(of-0,^ -  y ( & V - s k v («(-' jy
okirV- ckwp-
(6 .6 9 )
U sing  th e  r e s u l t s  g iv e n  by  (6 .6 5 )  i n  th e  e x p re s s io n s  above 
g iv e s  .
a C ) ( o) = _ ! ------
iysW<
cr cko-(Tr4*9û'^  cot((X-f Do) 4- o* ckty (v- 0o)cob(«<- 6o)
_ cV\0-^ IaKcr(o(-f Do) sUcr {k- Do) I ^
S L^vd (pi" 00^
B ^^^(o) =
4" skilTOr
(6. 70)
_  cr s W tt-v-Do)  cob(^*4-©o) 4- a  s k  cr('fl""DoWfc Do)
c ( i ) ( o )  = — L
U- sW,Vtr
ske-^ I sk<y(o^ 4"Do) _ sk p-Cof- do)
crcKcr9o( colr(<3(4- Go) -v ub(<^“ Go))
_  ck(ro( L âllE ish t^oX  4 - sk or U -  Oo) 
\  5WCo^'\-^o) . S0v^(oc-0o)
(6 ,7 1 )
( 6 .7 2 )
/ 201
TTcr
sk < r 00 ( cot(cf4- Do) 4 c.ot(o(- 6c))
4  sVyo-atj ^ k c r (c (-9 o )  _  j |
SVM"“Do) S w d ”'r©o) ' • (6 . 75)
The e x p re s s io n s  ( 6 .7 0 ) to  (6 .7 5 )  a re  v a l i d  f o r  Ioc40^l < tc, 
i . e o i O ^ l ' ^ p .
H aving found  and and th e  c o rre sp o n d in g  te rm s
f o r  B ,0 , and D, th e y  a re  now s u b s t i t u t e d  i n to  th e  e x p re s s io n s  
(6053) and ( 6 , 54) to  o b ta in  th e  f i e l d  in s id e  and o u ts id e  th e  
wedge. To av o id  le n g th y  fo rm u lae  the- c o n t r ib u t io n  from
and w i l l  b e  e v a lu a te d  and th e n  th e
c o n t r ib u t io n  from  A ^ ^ \  B ^ ^ \  and w hich g iv e s  r i s e
to  th e  term  o f 0 ( l ~ l / n ^ ) .
S u b s t i tu t in g  (6 .6 1 )  and (6 . 63) in to  (6 .5 5 )  g iv e s
Kr c o s (0- 0^) pU y ( r ,6 ) = e °  + 0 ( l- l /n " ^ )  . (6 .7 4 )
S u b s t i t u t in g  A ^ ^ ^ o )  and B ^^^(a)5 g iv en  by  (6 .5 6 )  and (6 .5 8 )  
i n t o  (6 . 54) g iv e s
o ' "  pu^(r,(7f) = — J  {chv0^chW -shv8^shv^)lL  ^(K nr)dv  4 0 ( l - l / n  ) ,
P P= ^  j* chv(j^““0^)K ^,(K :nr)dv + 0 ( l - l / n ^ )  ,
o o% a(r?0) “ ^  J  chv('n:-0^+0)K^^^(iCnr)dv + 0 ( l - l /n " - )  ,
icnr c o s (0 -0 _ )  p= e ^ + 0 (l-l/h '= ^ ) , (6 . 75)
202,
w here th e  e x p re s s io n  (6 ,1 1 )  h a s  b een  u se d . S u b s t i t u t in g
( 6 . 72) and (6 *75) i n to  (6 .5 5 )  g iv e s
Kr oos(0~0 ) ,  / 1 \  ~  E. (K r) ,u ^ ( r , e )  = e
shv(a4-0 )Ccot(cx+0 )4cot(cx™6 )3vch v(0—0 ) —•— chv(0+cx)^ 0 0
shv(a.--0^)
s in  (a -0 ^ ) ch v(0“-ct) j  dv 4 0 ( l - l /n ^ ) ^
N o tin g  t h a t  th e  in te g r a n d  o f  th e  above e x p re s s io n  i s  even i n  
V? (IL ^ (x ) ~ (x ) )  th e  above e x p re s s io n  can  be  r e - w r i t t e n
a s
_  nf I , X ,3 X .
sWffy
00
_^_____ 1 sk y ((K4 Oo) cky ( ) Klv(;Kf’)clv
sUw
<K>
sV v  ( « -  6o) K iy ^ a c r U li - y .^ i .)  4  o ( i - ' / m“-Î-
SCvd(X-9o) J skw^ 0 0
(6 .7 6 )
The second  term  f o r  u^(r,jzf) i s  o b ta in e d  by s u b s t i t u t i n g  (6 .7 0 )  
and (6 . 71 ) i n to  (6 .5 4 ) ;  th e  f i r s t  term  i s  g iv e n  by  (6 .7 5 )*  
Thus
203 ,
Kôyfawf) I y CO b(o;'4-Do) ck V dn".{. 0c -  é )
. sWtv I
4  Vcob(<Y-8o) ckv(îT- _ 5kv(^'('0o)
StvdCol 4 0o)
s.kv>(o/^0o) ckv( ^4/S) 4  O (l— */hA ^
and n o t in g  t h a t  th e  in te g r a n d s  a re  even i n  v t h i s  e x p re s s io n  
can  be  w r i t t e n  a s
3<virw5(ô-&4)
4 fc-ôb (c<40o) [s^&yi^TrtOo- 4>) âv
ffTT I -L sWrry
<%)
4- co fc (oC- 0 o) \ V <J-\0<'7î -6 ^ 4 ^ )  kc D ( à\)
s U ttv
OO
\
Sla\  (oC4 0o) f
SCv^(o(-0o)
_Æ yA(±.ÊslAj^_Éc^ K^v(j<hr) j y  
skvV
J
sk y  (oc-Bo) ckv ( KtiJ(:ï<Kr  Wy /  ^|_ ^
p Ç>V\T?V
-l-.0('-Vn3.)
(6.77)
The s o lu t io n s  f o r  th e  d i f f u s i o n  p rob lem , g iv e n  b y . (6 .7 6 )  and 
(6*77) a re  now c o n v e r te d  i n to  th e  s o lu t io n  o f th e  d i f f r a c t i o n
2 0 4 .
prob lem  b y  r e p la c in g  ic b y  - i k  and in  o rd e r  t h a t  th e  r e s u l t i n g  
e x p re s s io n  be c o n v e rg en t i v  i s  r e p la c e d  b y  v* Thus u s in g  
th e  r e l a t i o n s h i p
VTCi
(6 ,7 6 )  and (6*77) become 
u .^ ( r ,0 )  = ^ 4  I -  '/kz)
_ L ca(k4-6o)-h \  VcoSV«'e-&o)6‘^ ^ Hv'(kr) j ,)
sUvTtP
tco
:æ_^______ \ sCvy v(<X4 W  coS v(04<^) 6 ^ H?^Vfer)4y
SCA^(k4-6o) StKTîV
twr
~  if CO
ieo
Cl4   ^ \ sù/vV^oc-Gp) CoS y(d-(x) t  ^  Nv? (kr) jy  ( 4
80)  \oo SCkirV
(6 .7 8 )
-.() knro)s(0-Go) . . \
(,0(5
VtoS Vf'tr+Bo~^)£  ^ l'lv h n r)c!i>
(.00
- ( , < 5 0
ù<0
s^\. V ((X40O) cx)&y( ^  d ^  kM r) y
SUv\<X4ÔoH. S^a-hV
205.
t.00
sCwvfot- fe) c,psV(^ <?g) HpVfenr)2t) ( ^7-V-
SÙAiry
U sing th e  w e ll loiovm r e s u l t s
\)( 14 èo(j (%) -  £^>a y)
J^Cz) e L ' " ° ( v )
(6 .7 9 )
(6 .8 0 )
'*1 -v(/t
2u  SLKiri C
7TV y
I v! -4 GO , I arg vi < ît
and (6 .8 1 )
i t  i s . n o t  d i f f i c u l t  t o  show t h a t
-•htl su*^ :c
Vstx
n/s v  k | ’
Ixl -4 oo  ^ 0 < arg z < 7c/2
(6 .8 2 )
The r e s u l t  (6 .8 2 )  shows t h a t  th e  i n t e g r a l s  i n  th e  e x p re s s io n s  
(6*78) and (6 .7 9 )  converge  s in c e  Inilc > 0 , p ro v id e d  th e  
t r ig o m e t r i c a l  te rm s  decay  e x p o n e n t ia l ly  o r  a re  a t  l e a s t  0 (1 ) 
f o r  Irak > 0 . Tlais r e s t r i c t s  th e  ra n g e  o f v a lu e s  w hich th e  
a n g u la r  v a r i a b le s  can  t a k e .  However, on e v a lu a t in g  th e  
v a r io u s  i n t e g r a l s  t h i s  r e s t r i c t i o n  can  be  rem oved by  a n a ly t i c  
c o n t in u a t io n .
By s u b s t i t u t i n g  th e  e x p re s s io n  (6 .8 1 )  i n to  (6 .7 8 )  and
206*
(6*79) and u s in g  th e  f a c t  t h a t  th e  in te g r a n d s  i n  th e  l a t t e r  
two e x p re s s io n s  a re  even , one o b ta in s ,
Do)
4  ( I -  J„)u ^ ( r ,0 )  ~ ^ 4 i
c<^
C cob 4- Cob ( <^-Do)3 VCoSP (^-do) ^  3y(kr) J v
-tf eô
too
^Cvv V (8(4-00^ cosv(^4 .e ) 0 ^ ^  ]y (K r )  A \>
sCH^ Trv>
coo ^iÿJT* ___ 1 SCk v(c?(-©o) tc>sv(0“"oi) C  ^ X C kr) (^ y
Si>A^(o<-©o) S.udTTV
t O
-tkfircos(D-^)
( 6 * 8 3 )
t%
u ^ ( r , ^ )  = ^
'f£
Cot (of 4 Do) Dcosv rV-f Do- 6   ^Jy (kn r) â y
sù^vyi-oocoo
CO b(<^~0o) I V cqsvCtt- 9t> -h4>) ^ X  (k^ r) j y
sCudTTV)
L<0
I 1 SiKV(o^4 0o) CoSV (<^^) Ty(lgtqr)
St»A (oc-t-Oo) J s û d ir y~cOO
C«o
1 -tvrs ûtV (<^  -  9o) CoS y ) 6 X (khr) i  y / .f 0(t“ Vff)
SCv (^X-Do) •! Sù^'îïP-. L W (6 .8 4 )
, . , 2 0 7 .
In  th e  e x p re s s io n s  (6*78) and (6.83) th e  f i r s t  te rm  c o rre sp o n d s  
to  th e  in c id e n t  p la n e  wave o u ts id e  th e  d i e l e c t r i c  wedge. In  
th e  expressions (6 .7 9 )  and (6 .8 4 )  th e  f i r s t  te rm  c o rre sp o n d s  
t o  th e  t r a n s m i t te d  wave in s id e  th e  d i e l e c t r i c  wedge. S in ce  
i t  h a s  b een  assumed n  ^  1 th e  transmitted wave c o rre sp o n d s  to  
th e  H ayleigh-G ans'-B orn  a p p ro x im a tio n  where th e  p ro p a g a tio n  
c o n s ta n t  f o r  th e  p la n e  wave i s  a p p ro p r ia te  f o r  th e  medium in  
w hich i t  i s  p ro p a g a t in g .
By defo rm ing  th e  c o n to u rs  o f i n t e g r a t i o n  i n  th e  
e x p re s s io n s  (6 . 83) and (6 .8 4 )  so t h a t  th e y  ta k e  up p a th s  i n  
th e  r i g h t  hand v ^ p la n e , e n c lo s in g  th e  r e a l  a x i s  th e  i n t e g r a l s  
can  b e  e v a lu a te d  i n  te rm s o f th e  r e s id u e s  a t  th e  p o le s  v = nm 
on th e  r e a l  axis, (n  = 0 , 1 , . . . ) ,  see  f ig u r e  61. The 
c o n t r ib u t io n  from  th e  i n f i n i t e  s e m i- c i r c le  i s  z e ro  b e ca u se  
from (6.80)
^  1^1 ^ C cïSft 4  C b — c\  4  yt )  
—
N&iyT
where
2I e^^ , V « I vl , - I  < a  < 1“
2 0 6 .
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A ll th e  p o le s  f o r  He v >  0 , e x cep t a t  th e  o r ig in  which i s  a 
s im p le  p o le ,  a re  doiib le  p o l e s .  U lus
u ^ ( r ,e ) »ikr cos(0«»»0^)
' ( - i )ifir
t  cot(<^ +0o)-4* coh(«t-*-00^7 Tc(kr)
oo r
-â, (  00 ) e  %) ( kr))
3v V «5
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X(kr")(«C+9o) -}- 2 Z  s=1 3^ (s CûS V (of-5-0) e X  Ù^I^)
00
5~ i 3 0o^  < ^ S f î )  € ^ X  (ki'j)d v
V L ^ ( r , 0 )  ^
•f-O (  %-Vh^) 
_LknrcosCi9-&)
VsS
(6 .8 5 )
h-ir
Ca t  0o) ^  Jcj C k M r)
4 - Sîsi ^ (  9coSV (ÿ-m '(^)€ ^ ^X (k h rj)  9y P=s
4  CotCo^ -^Oo). XCbir) 4  2 %Sxl 3 X(knr)}9V V=s
coT-lX (k h r)  fx-vQo) 4 2  ^  
I5vh^(p(40b) I
2 .  &ù/i\)(o(4 0o) co%v(/^-^) t  ^ X(l« nr))
9y
\^s
I X(khr)(o(-0„) 4  2%'5x1 2  (5ùv\V(k-eJ)co.gV('ÿkfyg)f9y
v^s
4 - 0  (• -  '/h*-) •
(6 .86)
F or th e  f i e l d  a t  th e  o r i g in  p u t t i n g  r  = 0 i n  th e  e x p re s s io n s  
(6o89) and (6 .8 6 )  g iv e s
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u ^ ( 6 ,0 )  = u ^ ( ^ ,0 )  = ^ l« ^ " ^ ^ |^ o o t(a 4 8 ^ )+ o o t(a -0 ^ )
a+0 #^0^ o o ■o °  ' + 0 (1 -1 /% ^)^  . (6 .8 7 )s in  (a^-0^) s in '^ (a -0 ^ )
The r e s u l t  (6 .8 7 )  i s  i n  ag reem ent f o r  a  = i r /^ ,  8 = 0^
w ith  th e  e x p re s s io n  ob ta ined , i n  ohaptex ' 5 (5 * 4 8 ), f o r  th e  
p a r t i c u l a r  c a se  o f a r i g h t  a n g le  wedge.
The e x p re s s io n s  (6 .8 5 )  and (6 .8 6 )  a re  o n ly  s u i t a b l e  i f  
k r  i s  n o t  l a r g e .  An e x p re s s io n  w i l l  now be  o b ta in e d  f o r  th e  
d i f f r a c t e d  f a r  f i e l d .  I f  k r  i s  l a r g e  th e n  s u b s t i t u t i n g  th e  
w e ll  known a sy m p to tic  r e p r e s e n ta t io n
' L(kr- \üT_Tiy^)e
irkr*
in to  th e  e x p re s s io n s  (6 .7 8 )  and (6 .7 9 )  g iv e s  ( ig n o r in g  th e  
e f f e c t s  o f c a p tu re d  p o le s  and g e o m e tr ic a l o p t ic s  te r m s ) ,
d i f f r a c t e d  f a r  f i e l d  i n  -  D^ . =
^  ieo
^ L  [ coi(o(4
8  Nifrht- I J- 1,00
(,(X)
Stv> V (o (4 0 o )  C o$V (0^ '4) c
sh \ (^40o) n SÙ%vy-L«0
1% \
4
. SCwirv'
d i f f r a c t e d  f i e l d  i n  8^ =
0 /k ! A a i \  
 ^ ( k r f - j
211. 
ÔBO
- o - ~ )
 1  ,
K—iiOO
OCO
^ C.O k l . V LoG V {tt— dy
_W0 sChtt\>
Coa
( \  SÎM V (gC40o) COSV( (?L /â  ^jy;
sCh C^<k.4©o) j . sî4\Tfy
4  i - \  ^ù-v SiCcA -. i9f>)C4>S>V( ^ 44  ) ol y c 4  O (l“ Vti^ ) 4
1  sCjKirP CkfV
The i n t e g r a l s  appearôjag i n  th e  c u r ly  b r a c k e ts  o f  th e  above 
e x p re s s io n s  have  b een  e v a lu a te d  i n  append ix  60 , and th u s
V i(kn 'T fh )c  T) (!"" VnW 6 X______  Sù^ lLoL
V 2 Vzi7 k Kt.os.Z'x -cosiB oX i f  cos(0"0<.))
4 ----------------------------------------------------4
^  ( o (  L c jo 6 ( ® t* l ’ 6 6 ) * i - C û S  ^  S t v \  { o t - 0 o ) | c o S  ( û £ - © p ) 4 “ C o S
+  C >C l-W )^+  0 ( ± V ! 2 l_ )V (kr)% I
(6 .88)
. , . ;(k’r4¥4)f
■■ y -  Vw^) e______ j ___________ sù4%«(______________
2  ■/ iTi'fenr' (toS2c^- CmSZ8«)(l— CoS ( & - f
-4. — —   ---- ---------- — ,j_      ,         4 ”
2  SCvv (o(4  0o)|^Cc>S C *^40o) 4  C o5( 2  (K -  ©o^LcoS 0o) 4  CôsCS^'f"/^)^
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(6 .8 9 )
F o r th e  p a r t i c u l a r  c a se  o f a  r i g h t  an g le  d i e l e c t r i c  wedge 
a  = m/4-, malcing th e  change o f  v a r i a b le s  8 = m/4-* 8^ ,
6 = m/4 8 , so t h a t  th e  system  o f a n g u la r  m easurem ents i s  
th e  same a s  c h a p te r  5 g iv e s
__ (l" €
V
4 )
1  CoS^ o [  SLh'^o- $v.vv6l ISÛA Got CoS Go-CoSo] .
4- o,
4  0 ( 1 - W ,
_ ( i -  e t(kr4Tr/q.)
2 \fz T r k r \  2 S ‘^ 6oCos0c
StH (64 Gb)
[ &LhGo— sCi48][cosBo-cos8]
SCv\ 0O CoS 00 . 4 o /j i-T h h  )  4  O  (i-  * /n^). 
\ (kr^/g/
=  jQ zJA flê
2 J i V k r  ' (ç»tH Go- Scv\ 8)(cosGo'”Cos0)
w hich a g re e s  w ith  th e  r e s u l t  o b ta in e d  in. c h a p te r  5* S im i la r ly  
u s in g  th e  f a c t  t h a t  a+p m, 8-f/ = m, agreem ent i s  a ls o  found
f o r  f o r  n  a; 1 .
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In  t h i s  c h a p te r  an e x p re s s io n  w i l l  be  ob ta:lned  f o r  th e  
e le c tro m a g n e tic  f i e l d  n e a r  to  th e  t i p  o f  an a r b i t r a r y  a n g le  
d i e l e c t r i c  wedge o f  a r b i t r a r y  r e f r a c t i v e  in d e x  *n’ « The 
p r im a ry  so u rc e  w i l l  b e  a  l i n e  so u rc e  o f e i t h e r  E o r  H 
p o l a r i s a t i o n .  M eixner [ I 7 ] showed in  a  q u a n t i t a t i v e  m anner 
how th e  e l e c t r i c  and m ag n e tic  f i e l d  behave a s  a f u n c t io n  o f 
th e  r a d i a l  d i s ta n c e  from  a wedge t i p .  He o b ta in e d  h i s  
r e s u l t s  d i r e c t l y  from  M ax w e ll's  e q u a tio n s  b y  assum ing th e  
f i e l d s  n e a r  th e  wedge t i p  c o u ld  b e  expanded i n  th e  form  
A 4- B r^ + Q^ oC' l^  ^  ^  ^  ^ * H is a n a ly s i s  e n ab led  him to  d e te rm in e  
a  b u t  n o t ,  A ,B ,C, e t c .  w hich a re  fu n c t io n s  o f  th e  a n g u la r  
v a r i a b l e s  and th e  r e f r a c t i v e  in d e x , he  a ls o  does n o t  c o n s id e r  
an in c id e n t  f i e l d .
F o rm u la tio n  o f th e  b oundary  v a lu e  problem
The geom etry  o f  th e  wedge system  i s  th e  same a s  t h a t  u se d  
in  c h a p te r  6 , e x c e p t i n  th e  p r e s e n t  problem  a  l i n e  so u rc e  o f  
e i t h e r  E^ o r p o l a r i s a t i o n  i s  assumed to  be  o f th e  form  
a O ) ( ] a ) ,  = r ^ + r ^ - 2 r r ^  o o s (0 -6 „ ) ,  -P  < 6„ < p,
oc + p = m , la l  > 0 5 1 (3Î > 0
F ig u re  62
/ ' 2 1 4 .
The c o n d it io n s  w hich th e  f i e l d  i n  and m ust s a t i s f y  a re  
t h e  same a s  g iv en  in  c h a p te r  6 .
I t  i s  n o t  d i f f i c u l t  to  show t h a t  th e  a p p ro p r ia te  g e n e ra l  
s o lu t io n s  f o r  u  and u ^  a re  g iv en  by
U ^ (r ,0 ) CoS TT~ ) 9-^0 0 (kro") 4- CVv>) cos y 0 4 bV sw, v 0 1 %, (krl à\> ^
Scv%V>T-«0
(7 .1 )
l«0
u ^ ( r , / )  = i' h \ v ) c o S . V < ^ ^  4  6 V v )  6 C k V < ^ ]  3 “v  (knr)  c \ v  ^
'COO (7 .2 )
where th e  fo rm u la , se e  ap p en d ix  ?A,
/n  \  ,  i ™  COS v(%™| 8 - 8 ^ 1 )  \(icE) = i   ----- 533 -^ î-------  (k ro)d v
0 ^  18-8^1 ^  2m ; r  < r ^  ,
h a s  b een  u se d . In  th e  p r e s e n t  problem  we a re  o n ly  i n t e r e s t e d  
in* th e  r e g io n  v e ry  c lo s e  t o  th e  wedge t i p ,  t h a t  i s  r  ^  0; and 
th u s  f o r  a  f ix e d  v a lu e  o f  n  ( ^ 1 )  th e  B e sse l f u n c t io n s  
J ^ ( k r n ) , J ^ ( k r )  can  be  r e p la c e d  by  t h e i r  a sy m p to tic  
ap p ro x im a tio n  f o r  sm a ll a rgum en t, i . e .
J  (x ) = 4 0(x^^'^) , X 0 . (7® 3)
2^Y<l+v)
S u b s t i t u t in g  (7*3) i n to  th e  e x p re s s io n s  (7*1) and (7*2) f o r  
r  ^  0 , and in tr o d u c in g  new a r b i t r a r y  c o n s ta n ts  A (v)v B (v ) , 
C (v ) , and D(v) f o r  c o m p u ta tio n a l conven ience  g iv e s
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U ^ ( r ,e )  = t . u>sy{Tr^ l9-9ol) .y C (v )c o s  v D f D W  sCh v&j( kr)^oW
a '’ P( V+0 SCvvVir
(7 . 4 )
1*0
n ^ C r , / )  ' ^ l
J
(  A(i’)c«sV ^-!-B (M )sC viV ^j n '’(Vry<Av -j. o L ( k r / ]
( 7 . 5)
S u b s t i t u t in g  th e  e x p re s s io n s  (7 * 4 ), (7*5) and
10Û
3u o*
o\n^
[  s  LKV (F -  0 4 %) 14vI w  _  C(v) c,CM .Y04-D(9cosyel ^
0>9o .600
t<?0
2  nLV4l) 5Lt/\VlT
SOvU(TT-0*4e) H^ 'YbCo) _ C(y)S(vxy94-B(v)oD5V6>jv(hr)'‘'dv>  ^
3 iP/'\)4r\‘kiA/i^yiT2 PCy^-ibsUvyi
Ci»
~ 6 \ ( - A(y)svKVf/> 4  B(v) cosV^?-vn'^'(kr) cip^
— (/W
i n to  th e  boundary  c o n d i t io n s  (6 .6 )  o f c h a p te r  6 , g iv e s  
V? A  cos Vo( -  v\^  B sût y<j( -  C COS V ^  -  b  « CoS y ( i r ( kn> ) ^
A CoS Vo( 4  B SCt^  V d -C  a>s 4  *B -  CoSy  (ir- Bo-/3) H v \k  Po) ^
2/ n(V40sCc\VTT
^  KiX A &û\ Vd 4r b  EScoSVd 4* C^ Ch D CoS^ Vy^ G CoS V(7r-v@4&) HyVkfo)  ^
29^P(i4H)sû'\yrr
2 1 6 ,
"Xf A St-’A Vd —* dr B c-oS ViS 4 C, SUA V^ 4  COS Vj)5 —s ScK Û TP~ 0o H v> 6kn>)
2 .^ n(V4 () StKVTT
By ad d in g  and s u b t r a c t in g  a p p r o p r ia te ly  th e  above e q u a tio n s  
can  be  red u c ed  to  th e  s im p le r  e q u a tio n s
Èx^y co s va '=> G co s vp =_________________ (Mfs)_ ,
2/n(V 4.0 sCnVTT
A m '^ s in  va + 0 s i n  vP = cosve. H y'Û h) ^
'l'^r(y4-0 stHy-rr
n'^B s i n  va -f B s in  v5 -
Z'" P(V4l) SCwvVTt
t ’u r>rtc! .1. n r»rvc. ,^R ~ __Oo5IM ,S tV\ VBô Hv C^ fo)Tn B cos v a 'I-D cos vP
ly  r (v t i)
These e q u a tio n s  a re  e a s i l y  s o lv e d  to  g iv e  
t) ,A(v) = J h h î i h E â J l Ë s -  , (7 .6 )
(2n)'’ P(vfl) A '«^
B (v) . . -tiv(kro) siwve»  ^ (7 . 7 )
(2« f r '( M
C(v) -  HyVkro) SuaiVoc ( 7 *8)
2^ '^ n(V-s-0 sCkVit
p ^  _ ( 1 — A H V ( h Ha) s ù,a1Vq( s V Bo (7*9)
n(v4A Scv^ VTT
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w here
\(v )b&p
k(v)
COS voc s i n  vp + t cos vP s in  sxx ,
COS vp s in  va + t cos va s in  v|3
(7 . 10)
( 7 . 11)
S u b s t i t u t in g  th e  e x p re s s io n s  (7*6) to  (7«9) i n to  ( 7 .4 )  and 
( 7 . 5) g iv e s
lea
4  0 - i; )  $ C aiV d cosv Go c o s v 9n ^ ( r ,0 )
SLA y%r g. stA \hr A Cv)(Xj8
4  ( T - I) SIh & Un V Bp sUa \>Q I  HvVkfo) /  MA Jiv 4. O I ( k r f ]  ^
a S U  vir (7 . 12)
lOO
u . , ( r ,^ )  = i u>sV&,cos))^ ^  SiMVg„ siMVÿ/ H!> (terJ / Jv 4  O I  ( hr)'’],
A ‘ . ;  A %  3 r ^ ^ ' )
(7 . 13)
-tûO
I t  i s  now shovni t h a t  th e  above e x p re s s io n s  a re  co n v e rg en t f o r  
I a rg  vl ^  , I vl 4 00,
From append ix  7A
(1) VH y '(k T o )  l _ / r
2 ' )  ~ Tvit Vx’o ' ’
I v l  4 «>, r  < r ^  , I a rg  vi <
How
(l-t)S m lV dC oS  VÉ?o6oSV0
2. sUtVTr A cv)
^ CoHsV<x.vk\r 0
v -  X 4 i y  , I vl 4
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and s in c e  m ^  la l  + 101, th e n
( I -  't) svAzvd Cos ye» cosv©
2 sivK Vtt «4/S
^  CoKslani €
and th u s  t h i s  e x p re s s io n  d ecay s e x p o n e n t ia l ly  s in c e  I pi > 19^1
S im i la r ly  •
CI - 1 )  i V d  SI A V 00 S Ih V B
. (v)2$lv\VTT
^  CoAstcvnt ^ I9û0
How,
ccs v6o cosv(61 ^  coKstttAt C- ly l ( Id l-K ^ ît I^l-I0el)
A%
and s in c e  la l ^  l / l ,  th e n
CoSVGdCoS )^
(V)ic<^a :
S im i la r ly ,
— ivs\{l l^,~i®'='0 
^  CoHsVa-wt 0  t
si-KVPo siav^
A'(W
^ const^t^t C I Bel)
From th e  above a p p ro x im a tio n s  c l e a r l y  th e  r e p r e s e n ta t io n s  
(7*12) and (7 *13 ) a re  c o n v e rg e n t, and convergence  i s  enhanced 
f o r  ( r / r ^ )  sm a ll .
A power s e r i e s  r e p r e s e n ta t io n  o f th e  f i e l d  n e a r  th e  
wedge t i p  can be  o b ta in e d  b y  c lo s in g  th e  c o n to u rs  o f 
i n t e g r a t i o n  i n  th e  e x p re s s io n s  (7*12) and (7 *13) hy  an i n f i n i t e  
s e m i- c i r c le  i n  th e  r i ^ t - h a n d  v -p la n e . S p l i t t i n g  o f f  th e  - 
r e s id u e  c o n t r ib u t io n  o f  th e  e x p re s s io n s  (7*12) and (7 *13) î a t
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V “ 0 , ’g iv e s
u ^ ( r ,0 )  “ 4 I
• CAJ4-^
Ù0 sV6t~ (0-0OI ) .J. 0-4) JSCa2V4 CoS CosVd _
Ct-i*t)i:LaVtt -  ( r - 0 v(tt-2*< )
( ■qf" I ^  S i/h2. Voi $ t A V 5 CaV 0 ? X dOHv(kfh) ^iâtj c&y oC (k rf]^
bU-vVTI
1X04%
u ^ ( r , / )  = JLHa^CkfeL 4 V
(ro(4|S) {
2 CoS y Go CoSV^
— C P04-&
(7 .1 4 )
2 stv\ vQo sCa y ^
(^ T 4 l)  SLA y  TT -  ( I - T  ) SLA y  (TT- z<% X  ^* (^4 1 )
{t 4 l) SCnVTT - (r- OSLA v{ir~Zp()
Hv Vkro) / h r f d v  -1- O  L( k r f  3
Z /
(7 .1 5 )
where th e  a l t e r n a t i v e  r e p r e s e n ta t io n s
,(v ) 2 S in  vK (t-1 ) s i n  v (it-2 a )
A s i n gixi vC^‘''°*2oc)
(7 .1 6 )
(7 .1 7 )
have b een  u se d . The c o n d i t io n  0 < 6 < -  ^ e n s u re s ,  a s  w i l l  be 
seen  l a t e r , t h a t  i n  s h i f t i n g  th e  c o n to u r  o f i n t e g r a t i o n  to  
th e  r i ^ t  no p o le s  w hich l i e  on th e  r e a l  a x is  a re  c a p tu re d .
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From th e  e x p re s s io n s  (7*14) and (7*15) i t  can  he  seen  t h a t  • . 
th e  o n ly  p o le s  t h a t  o ccu r i n  th e  r ig h t- h a n d  v -p la n e  a re  g iv en  
b y
s in  v (n -2 a )  , (7*18)
j(v)'pa 0 => s i n  vn = —- y  s in  \ i (n ~ 2 a ) (7 .1 9 )
In  th e  e x p re s s io n  (7*14) th e  p a r t  o f  th e  in te g r a n d  in  th e  
c u r ly  b r a c k e t  v a n is h e s  f o r  v = nix, (n  -  1 ,2 ,* * * )  and th u s  no 
p o le s  e x i s t  f o r  s in  vii = 0 .
The e q u a tio n s  (7*18) and (7*19) can be  p u t  in  th e  g e n e ra l
221 .
form
sin  X = , R sin  ax  ^ (7 «20)
whore a  = 1 and f o r  (7*18) R -  and f o r
(7»19) R = The e q u a tio n  (7»20) i s  a  t r a n s c e n d e n ta l
e q u a t io n  and i s  b e s t  so lv e d  g r a p h ic a l ly .  To so lv e  i t  
g r a p h ic a l ly  two s e p a r a te  s i t u a t i o n s  m ust be c o n s id e re d .
Case 1 a and R b o th  o f th e  same s ig n .
In  t h i s  c a se  y  = R s in  ax i s  p o s i t i v e  f o r  0 ^  x  < .
Thus im posing  th e  c u rv e  y  -  s i n  x  on th e  c u rv e  y  = R s in  ax 
g iv e s  'th e  r o o t  o f  (7 .2 0 )  b y  r e a d in g  o f f  Xn a t  th e  i n t e r s e c t i o n  
p o i n t .
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7T 1C le a r ly  < it o r g  < Re < 1  i s  th e  ra n g e  f o r  th e  f i r s t
r o o t  o f  th e  e q u a tio n  (7 .2 0 )  f o r  sgn R -  sgn a .
Case 2 a and R o f o p p o s i te  s ig n .
In  t h i s  c a se  th e  c u rv e  y  = R s in  ax i s  n e g a t iv e  f o r  
0 < X < Thus im posing  th e  cu rve  y  -  s i n  x  on th e  cu rv e
y  = R s in  ax g iv e s  th e  r o o t  o f  (7 .2 0 )  by  r e a d in g  o f f  x^ a t  th e
222 .
p o in t  o f  i n t e r s e c t i o n  o f th e s e  curves*
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C le a r ly  % < < 2% o r  1 < Re < 2 i s  th e  ra n g e  f o r  th e
f i r s t  r o o t  o f th e  e q u a tio n  (7*20) f o r  sgn R -  - s g n  a . I f  
c a se  1 a p p l ie s  to  th e  e q u a tio n  (7*18) th e n  e q u a tio n  (7*19) 
m ust b e  c a se  2* , and v ic e  v e r s a .  Ih u s  i n  th e  ra n g e  
^  < Re V < 2 th e  f i r s t  r o o t s  o f th e  e q u a t io n s  (7*18) and 
(7*19) e x i s t ;  a ls o  i n  th e  s i t u a t i o n  o f c a se  1 th e  second  r o o t  
a l s o  e x i s t s  i n  t h i s  ran g e  o f v« R oots g r e a t e r  th a n  v -  2 
can n o t be in c lu d e d  b e c a u se  th e  ap p ro x im a tio n  o f th e  B e sse l 
f u n c t io n  (7*3) i s  o n ly  v a l i d  up to  o rd e r  (1er) « The e q u a tio n s  
(7*18) and (7 *19)5 th e  r o o t s  o f  which g iv e  th e  o rd e r  o f 
s i n g u l a r i t y  o f  th e  g r a d ie n t  o f  th e  f i e l d  a t  th e  wedge t i p ,  
a g re e  w ith  th o s e  o b ta in e d  b y  H eixner [ I 7 ] f o r  b o th  E and H 
p o la r i s a t io n *  M eixner [173 g iv e s  a nomogram, see  f i g u r e  66 
and f i g u r e  67 re p ro d u c e d  h e r e ,  f o r  th e  r o o t s  o f th e  e q u a tio n s  
(7*18) and (7*19) f o r  th e  ra n g e s  o f i n t e r e s t .  By u s in g  t h i s  
nomogram and th e  c o n v e rg en t i t e r a t i o n
< 222a,
0*6
0 6  r
Bo
7rrStt
o(
\ z l .  of I c L
F ig u re  66
oF ...ÂkUÎJL^  ^ 1=3: , FûR • <V < fSAxv»(li~ •'î't' (+% J a. 2
oC 222b
•3t1*0
0-8
0.2,
0-8
t r
o-r/-f't' T-5-1
F ig u re  67
(^ oMO^ R,f\M op S ivvvJ'n" I — tr ,— ------------      ffT* X -  I a.
SLvV^(îr-^e<) \-i-X X-t-l
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s in  R s in  v (it-2 a ) ,
w here R =. o r  th e  v a lu e  o f  th e  r o o t  f o r  g iv e n  R and
a  can  he  found  to  any d e s i r e d  .d e g re e  o f accuracy*
Thus c lo s in g  th e  c o n to u rs  o f  i n t e g r a t i o n  i n  th e  
e x p re s s io n s  (7*14) and (7*15) hy  th e  i n f i n i t e  s e m i^ c i r c le  C, 
se e  f i g u r e  6 $ , and u s in g  Cauchy’ s r e s id u e  theo rem  g iv e s
— rra+ i
y^f s \ v \ 2 CoS V h0» Co&Vti 0  H S V k O  _________________  Z J m lV
•i~l p n \ 2. 1
L  (  t - t " 0  C o S  —  ( ' T " l ) (  1— ^ 2 1 , ^  Cjo S  V v \ ( T f - Z < <  ) J  I 0  S  V ^iT T
. .(0. - - y .Z ( T -0 Z  -Sivy ZVUoi. Slv\ Vn6oSt^V>tfeHv^bn>^ f  —
[(T+Au,sVMTr-(i-i;Xi-2a)cos.'^,y(TT-i«'i]r(y.y+0 scyyVkTr ^
+ 0 [ ( k r ) ^ ]  , (7 .2 1 )
= - - f r o T p ) ”-
6 .. , xVip
M=l-I- 4- ^  oosVh 0o cosPh ^ HvYkn>)_______________________(
[ ( T i  l) CoSV»mT -  ( r ~ 0 ( l  -  P (V k4 '0^ ^
TV
V,
-t*,''2  HyYAn,) _________ ____________ fh i
r  ( r t 0 CoS VnTT -  ( 1 - 1 )( I -1 6 )  co<^\^ (v- 2^)1 P  ( 0
n
+ 0 [ ( k r ) 2 ]  , , (7 .2 2 )
2 2 4 .
w here a re  th e  r o o t s ,  o f (7*18) such  t h a t  0 < < 2 and
V. a re  th e  r o o t s  o f (7*19) such  t h a t  0 < v . < 2 . I t  lo o k sd . V
a s  th o u ^ i  (7 .2 1 )  becom es i n f i n i t e  f o r  = 1 b u t  i n  f a c t  , t h i s
c o rre sp o n d s  t o  th e  s i t u a t i o n  where a  = 0 and we have assum ed
from  th e  s t a r t  t h a t  la l  > 0 , Ip! > 0 . a  -  0 c o rre sp o n d s  to
a  wedge o f  no th ic k n e s s  and c o n se q u e n tly  no m a t e r i a l ,  and
t h i s  i s  why i t  i s  d i f f i c u l t  to  fo rm u la te  th e  d i e l e c t r i c  half™*
p la n e  problem *
2 2 5
A sym pto tic  e v a lu a t io n  o f  th e  i n t e g r a l  
I  = I d\) j
Co v/ ^  ~ (^ V“*V^p)
ly l < <» 5 Ixl < »  o (5A ol)0
The p o le  can ap p roach  th e  sa d d le  p o in ts  (= v^) and th e  
norm al sa d d le  p o in t  m ethod h rea lcs down. The m ethod u se d  to  
e v a lu a te  (5À .1) a s y m p to t ic a l ly  i s  b a se d  on Jo n es  [123 . The 
assum ptions t h a t  w i l l  b e  made a r e :
Im,
r .  s i n  0
L et
(v )th e n
The sa d d le  p o in t  o c c u rs  a t  th e  p o in t  g ' (v^) = 0; . and th u s  
from  (5A .2) v« = where s in c e  >
The sa d d le  p o in t  i s  a ls o  a s im p le  sa d d le  p o in t  b e ca u se
2 2 6 .
F or c l a r i t y ' s  salce we w i l l  assume t h a t  ImVp ^  0 , th u s  th< 
s i t u a t i o n  i s  a s  shown i n  f i g u r e  68 .
F ig u re  68
S in ce  th e  m a jo r .c o n t r ib u t io n  to  th e  i n t e g r a l  I  comes from  th e  
r e g io n  i n  th e  ne ig h b o u rh o o d  o f th e  sa d d le  p o in t  th e  f u n c t io n  
g (v )  i s  expanded a s  a T ay lo r  s e r i e s  abou t Vp g iv in g
g (v ) ™ k r  -  + 0(V*'” v „ ) ’^  5 (5A .4)2 k l y r  ^
and th e  r e a l  p a th  o f  i n t e g r a t i o n  i s  deform ed such  t h a t  i t  
ru n s  th ro u g h  th e  s a d d le  p o i n t ,  and th e  p h a se  o f  th e  second  
te rm  o f th e  ex p an sio n  (5A .4) i s  c o n s ta n t .  E f f e c t i v e l y  one 
s h i f t s  th e  r e a l  c o n to u r  o f i n t e g r a t i o n  so t h a t  i t  ru n s  th ro u g h  
th e  p o in t  and th e n  t h i s  c o n to u r  i s  r o t a t e d  abou t \) u n t i l  
Im[ (v  -  = 0 , In  th e  p ro c e s s  o f  defo rm ing  th e
c o n to u r  o f i n t e g r a t i o n  i t  i s  q u i te  p o s s ib le  t h a t  th e  p o le  
can  be  c a p tu re d  o r  can  be  v e ry  c lo s e  to  th e  sa d d le  p o i n t .  On 
th e  o th e r  hand i t  m igh t n o t  b e  c a p tu re d  a t  a l l  b u t  may s t i l l  
be  c lo s e  to  th e  sa d d le  p o i n t .  Thus two p o s s ib l e  s i t u a t i o n s  
m ust be  c o n s id e re d  and th e s e  a re  d e f in e d  a n a l y t i c a l l y  b y  th e  
i n e q u a l i t i e s
iG
c a se  (1 ) I i ii(v ^ "V _ )e ' ^ > 0 , no p o le  cap tu red -P s
iG
c a se  (2 ) : i j i ( v p v ^ ) e  ^  < 0 , p o le  c a p tu re d .
2 2 7 .
(5A .5)
(5A .6)
c a se  (1 ) c a se  (2)
F ig u re  69
Case (1 )  I m ( v ^ - > 0 .P G
A f te r  d i s t o r t i n g  th e  p a th  o f  i n t e g r a t i o n  and s u b s t i t u t i n g  
th e  T ay lo r s e r i e s  f o r  gCv), (5 A ,l)  becomes
coc
i h  re
_ chL __[ ^G ZIMa'- ___________ jy
and s in c e  th e  m ajo r c o n t r ib u t io n  comes from th e  r e g io n  v ,
f ( v ) f ( v „ )•uretMeseiDKiertiextowSneH
(/l r^
klMl
-  , SO t h a t
oo€ -i (v-vj) e'
2 2 8
ïïa lc ing ' th e  change o f  v a r i a b le
/ r ^  /  \  '«•dc/'2 r ° ^  {v*™u  = / ™ ^ ( v „ V g ) e  • = y 2k T 5Î5-0T  ’
th e n
I ■ ^ f ( k 0 0 8 M ^  ■ r  e ± f a uc =00
where ' 3-£ / \
n , r^ Z  ^ r  ^ t  '^ s
“  P  ”  ' ’® “  / â k  - r a H " ë i ”  *
and from  (5 A ,5 ), ImQ > 0
Now •
lU ImQ > 0du
00
and l e t t i n g  ç /2  4- Q = t  $
2/Tt Q ) i t '
I f  we l e t  F (q)
2 2 9
and n o te  t h a t
th e n
I  ~  2 y ^ f C k o o s e ) 0. _ i(k rW 4 )p (Q )
(5A .7)
Case (2 ) Im (\r v„)e" . P ® i e / 2  < 0 o
Q}he a n a ly s i s  f o r  t h i s  c a se  i s  s im i la r  to  th e  l a s t  ex ce p t
th e  c o n t r ib u t io n  from  th e  c a p tu re d  p o le  Vp i s  in c lu d e d , Ih u s
t(Vpx •î-x/i^Tÿ’ (yl) Lbr
kh^\
-  6 U.
Now f o r  ImQ < 0
COCO
du
,oo
2 3 0 ,
I  «  2  / ^ f ( k o o s 6 ) R .
< 0 (5A .8)
F or th e  c a se  when Imv ^  0 th e n  th e  sa d d le  p o in t  o c c u rs  below  
th e  l i n e  Imv = 0 and th e  a p p ro p r ia te  e x p re s s io n s  f o r  I  a re
c a se  ( l )  I m ( v  -  > 0P s
/ iE v F  » k'-'
c a se  (2 )
ZGi F fa) 
6 ^ -^ ) ,1
ofUr-i-TT/id
e .
( 5 A . 9 )
«='2(
Thus g e n e r a l ly
c a se  (1 ) Im(v^ « > 0 ,
I H  (- X vvtVs) H  ( - X  m  Vp)
\fik-d^
/-2JL {-(%) 
k r
2 a F ( a )
(Vp~ Vs)
l(kr-v-3%)
C ) (5A .11)
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case (2) Im(Vp < 0 ,
t(Vpx^
I  ^  2 ï ï t  -j*(Vp) C ( - l ( X m V s )  H(liuVp) .{- -—Î^  4 (vj)
kr
'-ZGR'-<s
. ("Vp-Vs.)
^  fer-f 1%)
e
(5A .12)
where Vc, = lac and H (x) =
1 X > 0
0 X < 0
P r o p e r t i e s  o f F(Q)
3?(Q) + 1X“ Q) -  / n  ,
P(Q) -  &  + 0 (q“ 2) , IQI ^ oo ,
F ( Q )  ~  / i t  + 0 ( q 2 )  ,  I Q I  -> 0
(5A .15)
(5A .14)
I f  th e  p o le  v„ i s  w e ll rem oved from  th e  sa d d le  p o in t  v_ th e n  P 8
u s in g  (3A ,13) th e  e x p re s s io n s  and (3A .12) re d u c e  to
c a se  (1 ) Im (v „ “ \i )e  P b
d c /2 > 0
6(vp % I y 0
I  ~ -  a . i r l t W 6  H ) HCi^ Vp")
- “• p r s s a i s s s p l —
:2E. e 
h r
c(kr^WAt^)
c a se  (2 ) Im (Vp“ Vg)e* 'iC /2 < 0
(5A .13)
I H(r»iVs) + /A :  ^ (5A .16)
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where
M  I c  O  O  S  0  Ç r  *1 \ ? )  * “  «aeuc»-*te»«rwS5*=$i=^*li-^i<=PMWM5M:"a*W
_ --- oy  k  «-V ( w ^ )
The te rm  H(± ImVp) i s  in c lu d e d  b e c a u se  i f  Imvp > 0 and 
ImCvg) < 0} th e n  th e r e  i §  no p o s s i b i l i t y  o f  c a p tu r e .
2 3 3 ,
I i i e q u a l t i e s
TC TE2nd q u a d ra n t -g ^  8 ^  "n: , ^  < @o <
Case ( I jNuagjJA^erciTCHWrfcja^latwtS^
o r
(COS 0 + CCS 0^) > 0
(G+8o) (e~ 8o)2 CCS ^ 00s ——g—-— > 0 „
Case (2 ) (cOS 0 4- CCS 0^) < 0 (5 B .2 )
2 CCS COSo r
? o r  th e  ra n g e  o f  0 and 6
Hence
( 6 - 8 . )O leax 'ly  co s —— > 0 , and
cos ( 6+8 ) ^—  > 0 f o r  < 9 -1- 0 < Tî ,
234.
(0+0 )cos — <C 0 f o r  Tt <C 0 + 0 <cd o d
C le a r ly  ( ^ B . l )  i s  s a t i s f i e d  i f f  0 + 0^ > TC
C le a r ly  (5 B .2 )  i s  s a t i s f i e d  i f f  0 + 0^ < tc „
TC3 rd  and 4 th  q u a d ra n t 0 < 0^ < , it ^  0 ^  Sic
Case ( 1 )É I I mi II <IMI t lllMIII II III! hill IÉBI ■
o r
(c o s  0^ “ cos 0) > 0
( 0+0 ) ( 6-8  )
2 s i n  — " s i n  — ?r—  > 0
( 5 B . 3 )
Case ( 2 )
o r
(c o s  0 ^ -  cos 0) < 0
( 8+0 ) ( 8-0  )2 s i n   g s i n  — < 0
(5 B .4 )
< 2tcF o r th e  ra n g e  o f
Hence
■ 235,
( 6 - e jClearly sin —— > 0  ^ and
(0+6^)s i n  — “g—  > 0 f o r  ^  < 0 + 0^ < 2#
(8  + 8 )s m  ———9T"— 0 f o r  2tc <c 0 + 0 <c .d  . o  d  ^
hence  (5 B .3 ) i s  s a t i s f i e d  i f f  0 + 0^ < 2tï „ 
Hence ($ B .4 ) i s  s a t i s f i e d  i f f  0 + 0 ^  > 2% .
236.
6 A
Some p r o p e r t i e s  o f K^^Cx)»
The f a c t  t h a t  IC ^(O) = %6(v) can  b e  shown q u i te  
s im p ly  from  th e  i n t e g r a l  d e f i ln i t io n  o f , Lebedev [22]
C O1 n _ -% ch t-i vt,
I \)l < «) ) Ee X 0
K. W  = ^  . (6 A ,l)
L e t t in g  x  •+ 0'^ g iv e  im m e d ia te ly  th e  F o u r ie r  r e p r e s e n ta t io n  o f 
th e  d e l t a  f u n c t io n ,  i * e .
-, o® . .K. ro) = 4 r e“ ^ ^ ^ d t = TCôCv) » (6A.2)^  ^ «00
The above d e r iv a t io n  i s  n o t r ig o r o u s ,  how ever i t  i s  w e ll
known t h a t  th e  d e l t a  f u n c t io n  i s  c h a r a c te r i s e d  b y  th e
f o l lo w in g  p r o p e r t i e s
6(v )  = 0 i f  V /  0 , (6A-5)
oo
r ô (v )d v  = 1 . , (6A.4)c=sCO
I t  w i l l  now be  shown t h a t  th e  g e n e r a l i s e d  f u n c t io n  lim ------ ;r—X"+0+ *'
m ee ts  th e  re q u ire m e n ts  im posed b y  (6Ao3) and (6A o4),
K i^ (x ) i s  d e f in e d  by  Lebedev [2 2 ] ,
K i^ (x ) = "  (6A .3)
To f i n d  th e  c o r r e c t  b e h a v io u r  a s  x  0*^  th e  change o f v a r i a b le  
X “ 2e™^ i s  made i n  (6A .3) g iv in g
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S u b s t i t u t in g  th e  s e r i e s  r e p r e s e n ta t io n  f o r  I^.. ^ g iv e s
" -Si^iw v
r- gjivfc ■ g—i v t
r C L -l\; j  " r (t+ iv 7 "
+ H - , (6 A,6 )
and f o r  v 0 a s  t  th e  e x p re s s io n  (6B06) i s  zero  a lm o st 
everyw here ; ' th u s  th e  c o n d i t io n  (6A .3) h a s  b een  s a t i s f i e d *
The c o n d it io n  (6A .4) i s  a ls o  s a t i s f i e d  s in c e
„  0 0  CO
l im  — f K. (x )d v  = lim  §  f K.  (x )d v , s in c e  E. (x ) = E j  ^ (x ) ,
% -» 0  ^  t o o  ^
00
and u s in g  th e  r e s u l t  J  K. (x )d v  = 5  ,o ^
th e n
CO "X Tlim  — r K. '(x )d v  = lim  e  X-+0 x-'^ O
In  d e a l in g  w ith  B e sse l f u n c t io n s  o f im a g in a ry  o rd e r  one 
i s  i n  e f f e c t  d e a l in g  w ith  .g e n e ra l is e d  f u n c t io n s  o f th e  form  
w here x  and v a re  r e a l .  In  th e  work w hich fo l lo w s  th e  
fo l lo w in g  r e s u l t  w i l l  be  u se d
i r vf -  Inm ~ :t 6 (v ) , (6A*7)
w hich w i l l  now he  p ro v e d . C le a r ly  f o r  (6A .7 ) bo be  t r u e
th e n
2 3 8 .
( i )  = 0 , V 0X î
( i i )  r C ( v ) d v  = * 1,0O
( i )  i s  c l e a r l y  s a t i s f i e d  b y  l e t t i n g  x  0* The p ro o f  o f
( i i )  fo l lo w s  th u s
l i m - I  r  o o s i ^ g ^ A l m a h i l o & z ) ^  &Y . -  l i t  i o o  V  ■ /x-#0
The f i r s t  i n t e g r a l  o f th e  above e x p re s s io n  i s  odd in  v and 
hence
oo . uo
r f^(v)cLv = l irn t?  S i S i v i a S J i l  av
Making th e  change o f  v a r i a b le  lo g  x  = - y ,  (so  t h a t  y  as 
X -fr O’*") g iv e s
■ oo oo
f f_ (v )d v  = ± lim  f dv = i l  ,
i o o  ^  y _ )00  i o o
b y  D i r i c h l e t ’ s i n t e g r a l .
A p ro o f  o f th e  e x p re s s io n
oo
Kiy(xw) K ic rM  àjL s  Tr^CoS((rAogh) [  S(V^tr) A- 1
2. a* sV\ o-TC
H- cK irV- cVvTTcr (6 1 .8 )
2 3 9 .
i n  more d e t a i l  th a n  g iv en  h y  Sm ith [16] w i l l  now he g iven , 
.From th e  d i f f e r e n t i a l  e q u a t io n s  f o r  IC^^(nx) and
X x n ^ ^  K^^(nx)- A .dx (6A .9)
o_X A.d£ (6A.10)
M u ltip ly in g  (6A .9) and (6A .10) by  and
r e s p e c t iv e ly ,  and i n t e g r a t i n g  o v e r x  g iv e s
1 ^  ( o2 _ ^ 2 )  j. E .^ ( n x ) E .^ W  f  
e-^0 , E
dx
(1 -n ^ ) lim  g J  X Kj ^(nx)lC  ^ (x )dx
+ lim  X G-40 X=G
Hence
f (nx )E ^^(x ) ^  J  xK . (nx)K. (x )d x^  ( ( f  -  V ) ''o
+ limX-4Ü
X è h a ( : ^ )  “  h o ( ^ )
The f i r s t  i n t e g r a l  on th e  r i ^ t  hand s id e  o f  th e  e q u a l i t y  
s ig n  i s  g iv en  im m ed ia te ly  from  Erdelyd. [24] V o l .2 page  143, 
fo rm u la  Ho *49, and u s in g  th e  f a c t  t h a t
r< [,
Z
I r -  U c r - 9 ) pU6r+V>)lr^Lc(cr+P)% - L 2 J L X
B tj
fcriP*} (  cUtrcT- oUvP )
/ 24 0 ,
th e n
(So . c  (HtSi) . 1+ C : 2 *■ H 1/
Key (hx:) ^  ( % - E l l i  .I.,,,_____  __J2_
^  c\-%yiT - cA^<rTT
-  '^ r  ~ Kcg.(%) Æ  Kfcy(M7/.) 1
X->o 9% <9.% (6A .11)
To e v a lu a te  th e  l i m i t  te rm  o f th e  above e x p re s s io n  th e  
fo l lo w in g  e x p re s s io n s  a re  r e q u i r e d  which are . o b ta in e d  from  
(6A*3) and th e  s e r i e s  r e p r e s e n ta t io n  f o r
^ i o W
i s k c r r r
(6A.12)
ÔX -TTo- 
Z  skiTir
tor^  ^   ^ (6A .13)
K .  f o x )  .....j - v
"X sh VTT
JV “tp (5A .14)
ôKj^^(ax)
ÔX
ttv
2 skv TT
!— 1 + o A '- " ) ^  (6A .15)
; y ) j
% sm all
S u b s t i t u t in g  th e  e x p re s s io n s  (6A .12) to  (6A ol5) in to  th e  l a s t  
te rm  o f  th e  e x p re s s io n  ( 6 A .l l )  g iv e s
X = lim  [K* ( n x ) ‘è;: K. ( x ) K -  (x ) *g^K. (iix) ]X-+0 (o " ^ -v  )  ^ ox r v
2 4 1
H'SViO'îf ^h!T (uc(T )rü-'ivK y+o ') n^TTOtco-^nO-w) (c^zv)
kCcP i f ' ’" '  r f -
P  (  VV t v )  n O  -  t- »” )  (  V  -  <3') P  (  1 4 -L (r)  n ( \ - ^  I v )  ( v + c r ) 1JC-7>0
U sing th e  r e s u l t  (6A .7) r e d u c e s  th e  above e x p re s s io n  in  th e  
l i m i t  to
X L nr
A'skvir skvïï
ltf SCcr “V)
. h^'^PO-C(r)r(l-W)
t t TT
r(\+ iD )n(t-icr)
r ( i ^ L o r ) r ( i f  üp)
S ( c r . - y ) |
=  - 6  rr^ ) n r  S (cy ;,v ) t tTT
4sK cr ir  I Kl‘'^ s k v ïï  P(l-l-Ccr) P(l-Cef) H‘'‘^ P ( l  + <^ o-) P(l~t(r)sK c-TT
r(11  ccr)n(l - C a )  skcrTT P ( Î ~ i>) P fP  C cr) sk  crlT
TT
4 (s k (T T rf  r 0 4 w r ( t - v ( T )
&(V-cr) (
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U sing
i  shore 1no f ( l ~ i a j r n + l a )
one f i n a l l y  o b ta in s  
, 2ireX = 4ô'sho%
2
= "^ ^BELorf ^ 8 (o ,v )  -f 6 ( a,<“*v) 3 co s(o  lo g  n) ,
w hich p ro v e s  th e  d e s i r e d  e x p re s s io n  (6A .8) «,
I t  m i^ i t  be  o b je c te d  t h a t  one sh o u ld  be  more c a r e f u l  
ab o u t ta lc in g  th e  d e r iv a t iv e  o f a g e n e r a l i s e d  f u n c t io n ,  i . e ,  
b u t  i n  f a c t  \  can  be  p u t  i n  th e  form
X = lim  — [n  K. (x ) (£♦ -, (nx) + K. -, (nx) )x-40 2 (o  -  \i )
K^^(iac) (K. (x ) -H K. ( x ) ) ]
where th e  re c u i 're n c e  r e l a t i o n s h i p
h a s  b een  used* I f  th e  l i m i t i n g  p ro c e s s  i s  c a r r i e d  th ro u g h  
one a r r i v e s  a t  th e  same end r e s u l t*
A ppendix 6B
C o n sid e r th e  i n t e g r a l
243
I
w here th e  c o n to u r  o f i n t e g r a t i o n  i s  a s  shown i n  f ig u r e  72,
r* R*4-2 Ü y = -cr+2ô
Zi
-/7v L__
V s -  cr
V-CT’hZCW --------2?.
Vsor
|E|
F ig u re  72
The o n ly  p o le s  o f  th e  in te g r a n d  o ccu r a t  chzTC ~ chTia, i . e .  
z  = d ü (a - l2 in ) , n  = 0 , 1 , 2 , . . .  . S in ce  no p o le s  a re  e n c lo se d  
h y  0 , Cauchy’ s theo rem  g iv e s
e^^dzfcii»'»n,^?gWia*niiffm7nnr.rmyMSn>WPBaChTÏZ -  ChTCO =2 0
E a
r e" 'c lx  _ . pJ  ChTTX -  chTt o J ;l +: chiraa R
e%Ods
chTuz -  CiiTi;o‘ 0 (6B.1)
/
Now
244,
9Z-i'O
J  ( )d z  = ~Tti l im  5„ Z-4-0
]■ ( . )d2 = -H i lim  = _ i®Z"VÜ+<£3.
lg .9(o+2i)
ohTtz-chTt a sh.71 a
r f  tfl- -n-i lim (z+o-2 i)e%^  ig->Ko-2i)J ( Mz = -HI im  '^ g^gZSEST = “-~3SÏ5~“’ 'M i5«^ ”U+ciX%
J  ( )dz  a J  ( )d z  " a s  R *
%1 %2 /
U sing th e  above r e s u l t s  i n  (6B .1) g iv e s  a s  E
and hence
• (6B .5)
Now c o n s id e r in g  th e  i n t e g r a l
Z e ^ d S  -s. l*»l«r^TrJ ■5Eir™5Efiïï ’ 0 ^ 0 ,  ' v'  < H ,
0
w here C i s  th e  same c o n to u r  a s  b e fo reo  Then
245 '
JG
dz11 If I III I....... I-----chTtz -  cinia
E
X dx
a
r \  (* Ji~ ^  ' ULX. . f» e If 1 O T* #4# t<t%i,xg. 1 %i. cia * i^. «m. n*w.r,utw.a%».*,^aü!=* J chTtx- chEo J cJiTix “» chu" a.R R
+ [  Ï  + I  + Î  + I  + Ï  + J 1
h -  %  ^5 %  %  ^2
= 0 (6B .4)
Now
J  ( )d z  = -Tci lim
%r
z™oJ ze Zl}f
2-^0 chTtz “  cïiTîa
ic e ° *slnia
J  ( )d z Î lim  i g ± O z e ^ _  ^-mi lim2"^ O chmz -  chmo
Ql|f
J  ( )dz  - -mi lim  z->a+2i
(2 -2 i"o )z e ^ Vchmz'-'chma.
iC c H 2 i)e * (c + 2 i)shmo ’
I  (  ) â z  = -mi l3ju g ^ -o + 2 i
(z4-0"'2i) ze^^ chm z-chm o sîim a
J  (
El
J“ (  ) d z  =
^  .
U sing th e  above r e s u l t s  i n  (6B«4) g iv e s  a s  R ->
n  a 2 i$ \  p xe^^  g ^ a^ i^  p''“ e’^ ’^ dx( 1 - ®  )  J  ^ E S r Z c E î w  “  J  ^ E S - r s E m
21$
hma
S u b s t i t u t in g  th e  r e s u l t  (6B .2 ) f o r . t h e  second i n t e g r a l  o f
I
t h e  above e x p re s s io n  g iv e s
_2 i$ \ p x e ^  dx , _2 i$  sho$ .( l „ e  ’■) J  'S'
2%,
and h ence  ' ^
p xshx$ dx 1 !, sha$ \Jq cKtS:“ cE.h 5 = “  sF oti f ®hc4 -  ) •
T h is  l a s t  r e s u l t  c o u ld  a ls o  have  been  o b ta in e d  by  
d i f f e r e n t i a t i n g  th e  e x p re s s io n  (6B«3) w ith  r e s p e c t  t o  $,
2 4 7
A ppendix  60
C o n s id e r  th e  i n t e g r a l  
looP V cos vaJ , '-n E "  vit" '
M aking th e  change o f  v a r i a b l e  t  = gi-y@sif
DO T ” #  §J  ~ r ( -y + t  ) d t  ,
and s in c e
I* (3_t = — J R e  p i  <  TCt  ( l - t Z )  4 - 0 0 8 ^ ^
G ra d sh tey n  and R y sh ik  [21] page  573 s e c .  4 .2 5 2 ,  fo rm u la  N o .5 
th e n
J  r= ~  ^ I a  I ^  ,2 cos " â  1+  cos a
C o n s id e r  th e  i n t e g r a l
ioo . .TT p s i n  va, cos vb ^■ " l i « — i H ‘V r “ “ 'Siv
1 s i n  v (a+ b ) + s i n  v(_a--b)'* aï*  I I Tj»sanawc8iUPsM*i*Mta<^cwi
‘ioo
-I. n /  s ± n  v i a + o ;  -h s i n  v i a - D V \ .“  "ag# I Tj»san wc8iUPsM*i Mta<^cwi \  I^  J V s i n  vn
Making th e  change o f  v a r i a b l e  t  = e^^^^  g iv e s
cx> /  ~ lâ ± S .l  i a ± k l  _ i â ç b l .
( 1 - t " ')
TT i.  r  / ^  H ^  H ,  t  H ^  H \ d tJn. = “^5^ «1 y *™ u -h u 1 . J
and s in c e
f (It " VJ t  SU . lE C  P I < 1
248.
/ ^
E r d e ly i  [24] V o l . l ,  page 309 fo rm u la  No. 8 ,  th e n
K = ^  / t a n  t a n  : 1 s i n  a co s a +”cos b ’V
I a à  b I < TÏ
2 4 9
A ppendix 7A
The fo rm u la
(7A .1)
p o pw here R = r  + r^ -  2rr  co s  $, 0 < l$! < 2%, r  < r ^ ,  w i l l  h e
d e riv e d o  The d ash  th ro u g h  th e  i n t e g r a l  s ig n  means t h a t  th e
c o n to u r  o f i n t e g r a t i o n  i s  in d e n te d  a t  v = 0 .
C o n sid e r th e  i n t e g r a l
COS v (m - l$1)i ■hi.hiiibsxn VH J v ^ k r )H 9 > (k r^ )d v
w here th e  c o n to u r  o f  i n t e g r a t i o n  i s  th e  c lo s e d  cu rv e  shown 
i n  f i g u r e  73* '
\y\
4 '
F ig u re  73
2 5 0
An a p p l i c a t io n  o f C au ch y 's  r e s id u e  th eo re m , a s  th e  sem i­
c i r c l e  r a d iu s  te n d s  t o  i n f i n i t y  g iv e s
i  f  ~  J ^ ( lc r ) H ^ l4 k r ^ ) a v
J^ (k r )H ^ ^ 4 k rQ )  i-2 J^ (k r)S ^ ^ \lc P g )c o B  n(i
— i f  J  *V o«LXl \;jL V V Uc
^ (kh) — i  r d (1o?)H^^^ (k r  )dvO V jSXXI \ML V V Oc
w here th e  w e ll known a d d i t io n  fo rm u la
H ^ ^ \lcE ) = J ^ ( k r ) H ( ^ \k r g )  + 2 Z J ^ (k r )H j^ ^ 4 k r^ )c o s  n(rn ~ l
Lebedev C 22] 9 h a s  b e en  u s e d . Thus p ro v id e d  th e  c o n t r ib u t io n  
on th e  i n f i n i t e  s e m i- c i r c le  C v a n is h e s ,  th e n  (7 A ,l)  i s  
e s t a b l i s h e d .  From th e  s e r i e s  r e p r e s e n ta t io n  o f J  (k r )V
J ^ ( k r )  = ^ 1 ( k r /2 ) ^<Ktfa *jt.S*iMta,*K>x*w-54;iareier ( . v + i ;  r C v + 2 ;
I a rg  v( < "% 9
a llo w in g  I v* and u s in g  th e  e x p re s s io n
r ( v + l )  -  ^  g V l o g v - \ ,   ^ l a r g  V <  H  ,
I V*
g iv e s
251
V 1  +
I vl (*
S im i la r ly
k r >v 1 ^ k r /2 ) ^pQT^"" p îp Z ^ ''
w hich on u s in g  th e  r e l a t i o n  s in  vtc, and. th e
a sy m p to tic  ap>pro x im a tio n  f o r  f Cnh-I) g iv e s  •
k rV '^  s in
V7C
gVlo'gv-v 1 + 0(i)
Now
• J^ (k r)H ^^^C kr^ ) = J ^ ( k r )
I a rg  vl < % 
CJ ( I c c J  ™ e - ^ ^ J  ,(1CP_)]___O' \ r  O'1 s in  vTC
and th u s  s u b s t i t u t i n g  i n to  th e  r i g h t  hand  s id e  th e  a sy m p to tic  
fo rm s f o r  th e  B e sse l f u n c t io n s  g iv e s
■ \m i/i_ y ^ \2 v /_  w
J^ (k r)H ^  (la?^) >^ jtx i r ^  j I». "2 v ld g v -2 v
1 / r V  e - - ( k / 2 ) - ( r r ^ )  
v ïii 2miv s in  vn; e'
th u s
Tb.e re m a in in g  te rm  o f  th e  in te g r a n  i s
2 5 2
Icos  v(h~I\]iI ) |  - - p ( - t t - l H ~ l  i l l l )  I s i l lI S in  vit Is i
I \^j ^ oo
and t h i s  e x p re s s io n  e x p o n e n t ia l ly  d ecays f o r  0 < 1 $1 < 2m, 
Thus
5
coST>{Tr-H4) » . . . . 4
■n7
C, SVV\ V TT _TTr
(T1“hT4V4l) \sIh'Î^ U'/> CoS7%  <^/r)
= 2 .1  e  ay/
TT Jo
p [  C r -  iir«  ! «kl j )  -  &)g (Po/r) ]
O' a s  p -> s in c e  0 < l$ l < 2it, r ^ / r  »  1 , where 
th e  i n e q u a l i t i e s
s in  $ ^ , co s  $ ^ 1 — , fo r  0 te/2
have b e en  u se d .
Thus th e  p ro o f  o f  (7 A ,l)  i s  co m p le te .
2 5 3 .
R e fe re n c e s
. Cl] . N efyodov Y e . I . ,  Report: g iv e n  a t  th e  P r o c .  o f  Symposium 
h e ld , a t  D e l f t  (1 9 6 5 ) , se e  E le c tro m a g n e tic  Wave T h eo ry , 
e d i t o r  J .  Brown, Pergam on (1 9 6 ?)„
[2 ] Lee S.W. and M i t t r a  R . , A n a ly t i c a l  te c h n iq u e s  in  th e  
th e o r y  o f  g u id ed  w aves, M acm illan  (1 9 7 1 ) .
[ 3 ] N u r ilk o  V . I . ,  S o v ie t  P h y s ic s  D o ck lady , 1^ 3 (1968) p . 4 2 3 .
[4 ] Olemmow P .O . ,  P h i l . T r a n s „ .of R o y .S o c . ,  Ag46 ( 1954) p . l .
[ 5 ] T r ic o le s  G. and Rope E . L . , J o u r .  O p t. So c .  Amer. ^ ( 1 9 6 5 )  P . 1479
[6 ]  K ra u t E .A .,  B x ill.S eism .S oc .A m . ^ 8  (1 968 ) p . 1083.
[ 7 ] Radlow J . ,  I n t e r n . J o u r .E n g .S o i . ,  2 (1964) p . 275 .
[ 8 ] .  P lo n u s  M.A. and Kuo N .H ., J o u r  .M ath , and P h y s . 46 (1 9 6 7 ) P , 3 94 .
[9 ] I .atz  N . ,  Z.A.M.M., ^  (1964) p .T47; i b id  ^  (1969) P.37&; 
i b id  ^0 ( 1970) P .T 236. |
CIO] K u r ilk o  V . I . ,  I z v .V .U .Z .R a d io f iz ik a ,  £  (1966) p . 980 ; !
i b i d  ^  ( 1968) p . 92 ( T r a n s l a t i o n  i n  S o v ie t  R adio  P h y s i c s ) . j
[11 ] K ra u t E .A . and Lehman G-.W,, J o u r .M a th .P h y s . 10 ( 1969) P « 1 3 4 0 . :
[12 ] Jo n e s  D .S . ,  The T heory  o f  E le c tro m a g n e tism , Pergam on (1964 ) . j
[ 1 3 ] S te rn b e rg  W ., Z e i t . f u r  P h y s ik  54 (1930 ) p . 6 3 8 . |
[1 4 ] Bouwkamp C . J . ,  M a th s ,R ev iew s. 195’!') p gg ip
[ 1 5 ] New Y ork U n iv e r s i ty  R e p o rt No, EM-23 (1 9 5 0 ) . :
[16] Smith J . E . ,  N u c l .S o i .  and Eng. 1^ (1963 )  p . 468 , '
a ls o  J .  o f  M ath , and P h y s . 47 (1968) p .4 4 2 .
[ 1 7 ] M eixner J . ,  New York U n iv e r s i ty  R e p o rt No. EM-72 (1 9 5 4 ) .
[18 ] Morse P.M . and E eshbach  H , , M ethods o f  T h e o r e t i c a l  
P h y s ic s  V o l .I ,M c G r a w -H il l  (1 9 5 3 ) .
[ 1 9 ] L a u w e rie r  H . A . , Asym ptotic E x p a n s io n s , M a th .C en tre  T racts
' 13 (1 9 6 6 ) .
2 5 4 .
[20 ] P e t i t  B o is  G ., T a b le s  o f  I n d e f i n i t e  I n t e g r a l s ,
D over P u b l i c a t io n s  (1 9 6 1 ) ,
[21 ] G ra d sb tey n  1 .8 .  and R yzh ik  I .M .,  T ab le  o f I n t e g r a l s ,
S e r i e s  and P r o d u c ts ,  4 th  e d . ,  Academ ic P r e s s  (1 9 6 5 ) .
[22 ] L ebedev N .N ., S p e c ia l  f u n c t io n s  and t h e i r  A p p l i c a t io n s ,
g P r e n t i c e - E a l l  (1 9 6 5 ) .
[ 2 5 ] O b e r h e t t in g e r  P . ,  Gomm.Pure A pp l.M ath . 7 (1954 ) p . 551 .
[24 ] E r d e ly i  A .,  Batem an M a n u sc rip t P r o j e c t  : T ab le  o f
I n t e g r a l  T ra n s fo rm s , M cG raw -H ill (1 9 5 4 ) .
